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Abstract. A bell-shaped vertical profile of chlorophyll a
(Chl a) concentration, conventionally referred to as a sub-
surface chlorophyll maximum (SCM) phenomenon, has fre-
quently been observed in stratified oceans and lakes. This
profile is assumed to be a general Gaussian distribution in
this study. By substituting the general Gaussian function into
ecosystem dynamical equations, the steady-state solutions
for SCM characteristics (i.e., SCM layer depth, thickness,
and intensity) in various scenarios are derived. These solu-
tions indicate that (1) the maximum concentration of Chl a
occurs at or below the depth of maximum growth rates of
phytoplankton located at the transition from nutrient limita-
tion to light limitation, and the depth of SCM layer deepens
logarithmically with an increase in surface light intensity; (2)
thickness and intensity of the SCM layer are mainly affected
by nutrient supply, but independent of surface light intensity;
and (3) intensity of the SCM layer is proportional to the dif-
fusive flux of nutrients from below, which becomes stronger
as a result of this layer being shrunk by a higher light attenua-
tion coefficient or a larger sinking velocity of phytoplankton.
In addition, the limitation and potential application of the an-
alytical solutions are also presented.

1 Introduction

Vertical profiles of chlorophyll a (Chl a) concentration in
lakes, coastal seas, and open oceans are highly variable.
However, a bell-shaped vertical profile of Chl a, convention-
ally referred to as a subsurface chlorophyll maximum (SCM)

phenomenon, has been frequently observed in stratified wa-
ter columns; for example, it occurs through the whole year
in tropical and subtropical oceans, while it exists only dur-
ing summer in temperate and high-latitude oceanic zones.
The subsurface biomass maxima (SBMs) are also common
in stratified water columns. The chlorophyll-to-biomass ratio
generally increases with depth in the euphotic zone. Thus,
SCMs may not necessarily represent SBMs (Cullen, 1982;
Fennel and Boss, 2003) and are usually deeper than SBMs
(Fennel and Boss, 2003; Hodges and Rudnick, 2004). How-
ever, the subsurface maxima in both chlorophyll and biomass
are usually formed in certain regions of the water column
where two opposing resource (light and nutrient) gradients
combined with turbulent mixing are amenable for survival
of phytoplankton. Thus, SCMs are approximately equal to
SBMs in many studies (Klausmeier and Litchman, 2001;
Sharples et al., 2001; Huisman et al., 2006; Raybov et al.,
2010). Fennel and Boss (2003) reported that the photoaccli-
mation of phytoplankton can be another important reason for
forming an SCM in oligotrophic waters.

The SCM phenomenon can be characterized by the thick-
ness, depth, and intensity of the SCM layer (SCML) (Beck-
mann and Hense, 2007). On-site observations (Platt et al.,
1988; Sharples et al., 2001; Dekshenieks et al., 2001; Mel-
lard et al., 2011) have shown the occurrence of SCML to
be at a relatively shallow depth (1-50m) and thin (several
centimeters to a few meters) in lakes and coastal seas but
with high concentration of Chl a (1-100 mgm~3). In open
oceans, the SCML was deeper (80-130 m) and thicker (tens
of meters), while the concentration of Chl a was relatively
low (< 1mgm~2) (Anderson, 1969; Platt et al., 1988).
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SCMs have attracted much attention because of the sig-
nificant contribution of SCML to the total biomass and pri-
mary production in the whole water column (Cullen and Ep-
pley, 1981; Weston et al., 2005; Siswanto et al., 2005; Han-
son et al., 2007; Sullivan et al., 2010). Pérez et al. (2006)
showed that 65-75% of the total Chl @ in a water column
of the Atlantic subtropical gyres was presented in SCML,
and the layer thickness was approximately 50 m. Weston et
al. (2005) reported that the SCML accounted for 58 % of
the water column primary production in the central North
Sea, although the layer thickness was less than 5 m. Sullivan
et al. (2010) found that the fraction of Chl a in the SCML
(thickness < 3 m) out of the total water column ranged from
33 to 47 % in Monterey Bay, USA.

Many numerical studies have been conducted to link the
thickness, depth, and intensity of the SCML to various en-
vironmental parameters (Jamart et al., 1979; Varela et al.,
1994; Klausmeier and Litchman, 2001; Hodges and Rudnick,
2004; Huisman et al., 2006; Beckmann and Hense, 2007).
The thickness of the SCML mainly depends on the degree of
vertical mixing in lakes (Klausmeier and Litchman, 2001).
In oligotrophic oceans, the light attenuation coefficient is the
key factor in determining the SCML depth (Varela et al.,
1994; Hodges and Rudnick, 2004; Beckmann and Hense,
2007) and the intensity of the SCML depends strongly on
sinking velocity of phytoplankton and/or detritus and vertical
diffusivity rather than growth rate of phytoplankton (Hodges
and Rudnick, 2004; Beckmann and Hense, 2007). However,
the thickness, depth, and intensity of SCML are very sensi-
tive to variations of environmental parameters. Therefore, the
relationships obtained from a particular case may not be ap-
plicable for other cases. To understand the general relation-
ships between SCM phenomenon and environmental param-
eters, the analytical solution for dynamic ecosystem equa-
tions is needed.

The algae game theoretical model, pioneered by Klaus-
meier and Litchmann (2001), was perhaps the first model to
derive the depth and intensity of SCML, although the SCML
is assumed to be infinitely thin. The authors of the model
adopted a delta function to approximate the phytoplankton
distribution in this thin layer. Yoshiyama et al. (2009) used
this model to examine more than one species competing for
limiting nutrients and light below the surface mixed layer.
Mellard et al. (2011) included stratification into this model.
However, the SCML was still confined to an infinitely thin
layer. In fact, many observations have shown that the thick-
ness of SCML can reach as high as 100 m in oceans (Platt et
al., 1988). For those cases, the assumption of an infinitely
small thickness of SCML is contradictory to the observa-
tions.

In this study, we assume that the vertical profile of Chl a
can be approximately treated as a general Gaussian function
instead of a delta function. This parameterizing approach was
proposed firstly by Lewis et al. (1983), and has been widely
used to fit vertical profiles of Chl a (Platt et al., 1988; Weston
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Figure 1. Schematic picture of Chl a distribution under the limi-
tation by light and nutrient in stratified water columns (green solid
line is Chl a concentration as a function of depth; red solid line is the
growth-limiting term with respect to light, f(I); blue solid line is
the growth-limiting term with respect to nutrients, g(N); horizontal
dashed line represents the depth of surface mixed layer, zs; horizon-
tal solid lines indicate the locations of the upper and lower SCML,
zm — o and zm + o, respectively; vertical dotted line is the ratio of
loss rate to maximum growth rate, e/um; z.1 and z¢p refer to the
two compensation depths where umg(N) = ¢ and um f(I) = ¢, re-
spectively; zg and zm indicate the depths of maximum in growth
rates and in Chl a concentrations, respectively; and double arrow
represents the thickness of the SCML, 20).

et al., 2005; Ardyna et al., 2013). By incorporating the gen-
eral Gaussian function into the ecosystem dynamical equa-
tions, we derive the steady-state solutions for the thickness,
depth, and intensity of SCML in various scenarios and ex-
amine their dependence on environmental parameters, such
as light attenuation coefficient, vertical diffusivity, and sink-
ing velocity of phytoplankton.

2 Methods

2.1 Models

The SCML occurs below the surface mixed layer, where
the light attenuated from above and nutrients supplied from
the deep water result in the maximal value of phytoplank-
ton growth rate (Fig. 1). The partial differential equations for
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phytoplankton and nutrients dynamics in which light and nu-
trients are two major limiting factors (Egs. 1 and 2) (Riley
et al., 1949; Lewis et al., 1986; Gabric and Parslow, 1989;
Huisman et al., 2006; Liccardo et al., 2013) were adopted in
this study:

oP .
E:;meln(f(l),g(N))1" 1)
P P n 0 K P
—& — R —_— —_—
w az aZ \ aZ )
oN .
S = ~L5%unmin (£ (1).g (N)) P ()
0 oN
+1.59%eP + — (KV—) ,
9z 0z

where P denotes the Chl a concentration, N is the limiting
nutrient concentration. The photoacclimation of phytoplank-
ton is not considered here and the Chl a distribution is sup-
posed to represent the distribution of phytoplankton biomass.
This is a significant simplification. In fact, phytoplankton in-
creases intercellular pigment concentration when light level
decreases (Cullen, 1982; Fennel and Boss, 2003). Usually,
the unit of Chl a concentration is mgm~—23, the concentra-
tions of phytoplankton and the limiting nutrients are in units
of mmol N m~3. A ratio of 1.59 g of chlorophyll per mole of
nitrogen (Cloern et al., 1995; Oschlies, 2001) is thereby used
for unit conversion. wum is the maximum growth rate of phy-
toplankton, ¢is the loss rate of phytoplankton (including res-
piration, mortality, and zooplankton grazing). « is the recy-
cling rate of dead phytoplankton (0 < « < 1). w is the sink-
ing velocity of phytoplankton, which is non-negative in the
chosen coordinate system and assumed to be constant with
depth. Ky is the vertical turbulent diffusivity and it is much
larger within the surface mixed layer than that beneath. Here,
Ky depends on depth in the following way (Hodges and Rud-
nick, 2004; Mellard et al., 2011):

sz[ Kn O0<z<zs,

Ky zs<z<zp, @)
where zg is the depth of surface mixed layer and zp is the
location where the Chl a concentration reduces to nearly zero
in a sufficiently deep water column. We assume Ky1 and Ky
are constant and Ky is large enough to homogenize the Chl a
and nutrient concentrations in the surface mixed layer.

A gradual transition from the surface mixed layer to the
deep one written in terms of a generalized Fermi function
is adopted (Ryabov et al., 2010), that is, Ky (z) = K2 +
% where parameter / characterizes the width of the
transition layer. In our study, we assumed this transition layer
is finitely thin.

The growth-limited function min(f (1), g (N)) for light 1
and nutrients N is

1(z) N (z) ) @)
Ki+1() Kn+N@)

min(f(I),g(N)):min(
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where K| and Ky denote the half-saturation constants
of light and nutrients, respectively. The net growth rate,
ummin(f (1), g (N)) — ¢, is positive only if both the light-
limiting term £ (1) and nutrient-limiting term pm g (N)
are larger than the loss rate ¢.

Light intensity is assumed to decrease exponentially with
depth according to the Lambert—Beer law, i.e.,

I (z) = Ioexp(—Kyz), ©)

where Iy is the surface light intensity and Ky is the light at-
tenuation coefficient (Morel, 1988). Assuming a constant K,
we ignore the effects of the self-shading and the dissolved
and particulate material on the attenuation coefficient.

The zero-flux boundary condition for the phytoplankton
at the surface is used. Like the study reported by Ryabov
et al. (2010), we also set the chlorophyll concentration ap-
proaches to zero at the bottom boundary zy, i.e., P —0 for
z — zp. Fennel and Boss (2003) used an infinite depth as zp.
Furthermore, we assume a zero-flux boundary condition for
nutrients at the surface, while nutrients are replenished from
below. That is,

oP oN
Kyy— =0, Ky1— =0, atz=0,
0z 9z
oN dN
P(Zb)ZOa KUZ_ZKUZ_’1=Zb l} atZZZb.
9z 9z

(6)

In addition, Lewis et al. (1983) first proposed a general Gaus-
sian distribution function (Eqg. 7) to model the nonlinear fea-
ture of observed vertical Chl a profiles. In this study, this
function is adopted to represent the bell-shaped vertical dis-
tribution of Chl a (Fig. 1).

(z—zm)?

P(z) = Pmaxe  20° 0<z<z, (7

where P(z) is Chl a concentration as a function of depth z,

and Pmax = JL The three Gaussian parameters (&, zm, o)

NS
can vary to characterize the SCM phenomenon. Thus # is
the vertical integrated Chl a over the entire water column,
zm 1S the depth of the maximum Chl a (the peak of the bell
shape), and o is the standard deviation of the Gaussian func-

tion, which controls the thickness of the SCML.
2.2 Three SCM characteristics

The thickness of SCML can characterize the vertical extent
of Chl a distribution below the surface mixed layer. It is still
a matter of debate as how to best define the thickness of
SCML. One easy definition is to use the width between two
locations below and above the Chl a peak, where Chl a is a
certain fraction (e.g., 50 %, 100(e~1/2) %) of the maximum
Chl a (Platt et al., 1988; Pérez et al., 2006). Some studies
bounded the layer by sharp vertical gradients in Chl a above
and below the peak (Prairie et al., 2011). Others defined the
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upper and lower boundary of SCML by means of ad hoc
choices. Pedrés-Ali6 et al. (1999) proposed the SCML from
the depth of the surface mixed layer to the lower maximum
gradient in the slope of the Chl a profile. Hanson et al. (2007)
defined that the upper boundary of the SCML was the min-
imum gradient criterion of 0.02mg of Chl a per meter and
the lower was the base of the euphotic zone. Beckmann and
Hense (2007) proposed to define the boundaries of SCML by
the existence of two community compensation depths in the
water column, which were located at the depths of two max-
imum phytoplankton gradients in phytoplankton biomass.
Building on the study by Beckmann and Hense (2007),
the locations of the maximum phytoplankton gradients are
defined as the boundaries of SCML in this study. That is,

d2p

= =0, (8)

7=2y,2|

where zy and z; are the upper and lower boundary of SCML,
respectively.

By substituting Eq. (7) into this equality, we obtain z, =
Zm—0, z| = zm-+o . Thus, the thickness of SCML can thereby
be expressed as 2o.

From Eqg. (8) and the steady state of Eq. (1), one gets the
following equality at the boundaries of SCML.:

. dp
(Mmmm(f (1), 8(N)) P —¢eP — wa) |20 =0. (9)

That is, the boundary of SCML is located at the depth where
there is the balance between phytoplankton growth and all
losses (including the divergence of the sinking flux w%—’; and
the loss ¢ due to mortality, respiration, and grazing), named
the community compensation depth (Ono et al., 2001). Thus,
this definition reflects the physical-biological ecosystem dy-
namics associated with SCML.

As described in Eq. (7), the depth of the SCML is defined
as zm, that is, the location of the point-wise maximum value
of Chl a.

The third quantity, i.e., the intensity of SCML, refers to the
maximum value of Chl a (Pmax in Eq. 7) in the water column.

2.3 Approach used in this study

Previous numerical studies (Huisman et al., 2006; Ryabov
et al., 2010) showed that the ecosystem dynamical model
(Egs. 1 and 2) can approximately reproduce the bell-shaped
feature of the vertical Chl a profile (Fig. 1). We assume a
general Gaussian function of P(z) (Eq. 7) is the solution for
Egs. (1) and (2) at steady state to derive explicit relationships
between three characteristics of SCM and the environmental
parameters. If nutrient input to the mixed layer due to river-
ine inputs, surface runoff, or atmospheric deposition is con-
sidered in the ecosystem, the surface concentration of Chl a
should be positive (Mellard et al., 2011). Thus, the general
Gaussian function is not an exact solution; at best, it is an
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approximate solution of the dynamical Egs. (1) and (2) by
ignoring external nutrient input.

Firstly, by substituting the general Gaussian function of
P(z) with the steady-state version of Eq. (1), we obtain that,
below the surface mixed layer, the net growth rate of phyto-
plankton can be expressed as follows:

pmmin(f (I),g(N)) —e = (10)
2
Ky wo? w? K2
F(Z Z“m) T ake T o7

Letting ummin(f (I), g (N)) —e =0, we get the two com-
pensation depths, zc1, zc2, by solving Eg. (10):

U)O'2 w02 2 n 2 (11)
= —_——_—— o B
‘el = <m 2K\ 2Ky2
. wo? n wo? 2 42
‘ez =m 2Kz 2K\ .

From the property of the quadratic function which graph
is a parabola and is pointed downward (the right-hand
terms in Eg. 10), we know that for z¢1 <z < z¢2 the in-
equality ummin(f(I),g(N)) —e > 0 is satisfied. This in-
dicates that the subsurface net production occurs only be-
tween the two compensation depths where the growth rate
ummin(f (1), g(N)) equals the loss rate . Beckmann and
Hense (2007) found similar results through numerical model-
ing and emphasized the often overlooked fact that an SCML
has to have two compensation depths.

From Eq. (11), we obtain z¢1 <zm—o and zm < ze2 <
zm+o(Fig. 1). In particular, z¢1 = zm— o, and zco = zm+o
when the sinking velocity of phytoplankton w is too small
to affect the chlorophyll profile significantly. This result is
identical to that of Beckmann and Hense (2007) for neglect-
ing sinking velocity of phytoplankton.

Hence, according to the property of quadratic function,
there exists a depth zo between the two compensation depths,

U)O'2

- 2K\ '

20 =Zm (12)
such that the net growth rate of phytoplankton is at its maxi-
mum, i.e.,

2
X GumMin (f (1), 8 (V) — ) ey = =2 + i, ®
In other words, the maximum in net growth rates of phyto-
plankton occurs at the depth of zg.

We define T = o2/Ky as the characteristic vertical mix-
ing timescale in the SCML of thickness o (Bowdon, 1985;
Gabric and Parslow, 1989). Let the length scale be L =2
Ky2/w, which determines the scale height of the phytoplank-
ton distribution (Ghosal and Mandre, 2003). Thus, the right-
hand terms of Eq. (13) can be rewrittenas 1/ T +w/(2L). In
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other words, the maximum net growth rate of phytoplankton,
max(ummin(f (1), g(N)) — ¢), is determined by the vertical
mixing timescale (7') and the time taken by a phytoplankton
sinking (w) through lengths (2L).

Equation (12) also shows that zy > zo, that is, the depth
of SCML lies at or below the depth for phytoplankton hav-
ing the maximum growth rate. Observations in the South-
ern California Bight have supported this (Cullen and Epp-
ley, 1981). Particularly, zm = zo approximately holds when
either the sinking velocity (w) or Gaussian parameter o is
very small. For non-sinking phytoplankton, i.e., w — 0, nu-
merical modeling can support this equality (Beckmann and
Hense, 2007). When parameter o is assumed to be infinitely
thin, the equality is obviously correct, which has been used to
solve for the equilibrium depth and intensity of an infinitely
thin layer (Klausmeier and Litchman, 2001; Yoshiyama et
al., 2009; Mellard et al., 2011).

In this special case (zm = zo), some studies found that the
depth of SCML is at the location of equal limitation by nutri-
ents and light (Klausmeier and Litchman, 2001; Yoshiyama
etal., 2009; Mellard et al., 2011). In this study, we further in-
fer that when zm > zp, the depth of SCML is located where
phytoplankton growth is limited by light (Appendix A).

According to Egs. (12) and (A2), the growth of phyto-
plankton is light-limited at and below the depth of SCML.
Therefore, for z = zm and z = zm + o, the net growth rate
of phytoplankton (Eq. 10) can be respectively expressed as
follows:

tmf (D) o=z — & = Ku2/0?, (14)
umf (D) |z=zpto —&=—w/o. (15)

At the depth of zy, the net growth rate of phytoplankton
(Eqg. 14) is determined by the vertical mixing time, T, while
the time taken by phytoplankton sinking through half-length
of SCML, w/o, controls the net growth rate of phytoplank-
ton (Eq. 15) at the lower boundary of SCML (z + o).

In addition, from Eqgs. (12) and (A2) we obtain that the
upper compensation depth, zc1, is the location where the
growth limited by nutrients, um g(N), equals the loss rate,
¢, while the lower compensation depth, zc2, represents the
depth where the growth limited by light, um f (1), equals the
loss rate, «.

3 Results
3.1 Analytic solutions of three SCM characteristics
By substituting the growth limitation function for light

(Egs. 4 and 5) into Egs. (14) or (15), we obtain the expression
of parameter zp, i.e.,

1 Um Io
= —In|(—2" _ _1)2 16
& Ky [(8+Kv2/02 )Kl] 10
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or

_ 1 Mm Io

The occurrence of an SCM requires zm > 0. Requiring a pos-

.- . . I
itive solution for Eq. (16), we obtain (M‘{‘# - 1) %>

1, ie., (umf (Io) —€)o? > Kyp. For any o >0, we get
umf (Io) > ¢. That is, the necessary condition for the exis-
tence of SCM is um f (Ip) > &, which is identical to the result
of Fennel and Boss (2003) when vertical sinking is constant
as a function of depth in their model.

Subtracting Egs. (16) and (17), and rearranging, we obtain
the expression of parameter o'

( Mm
Um—e+z
Thus far, we have obtained the theoretical relationships be-
tween Gaussian parameter o, zm, and environmental param-
eters (Eqgs. 16-18). To derive the relationship between Gaus-
sian parameter 2 and environmental parameters, we now re-
turn to Egs. (1) and (2). In steady state, adding these two
equations leads to
dP d?(kyP) 1 d?(KyN)
AmoePrwg == T1s a2
Note that this relationship holds irrespective of the form of
growth-limiting function. Integrating this equation from the
surface to bottom boundary (zp) and using boundary condi-
tions (Eq. 6) gives

Zb

dNn

1.59(1— a)s/ P(z)dz = K\,zalzzzb. (20)

0
When the recycling processes do not immediately convert
dead phytoplankton back into dissolved nutrients below the
surface mixed layer, i.e., o 1 (for « =1, the detailed
derivation for the intensity of SCML is presented in Ap-
pendix B), one gets the total Chl « in the water column:

- 1) Ko — % —1 (18)
pm—e— %

(19)

_ KVZ%_IZ|2=Zb

1591 —a)e’
This equality indicates that the total Chl a in the water col-
umn (k) is independent of the sinking velocity of phytoplank-
ton. Both Ryabov et al. (2010) and Mellard et al. (2011) ob-
tained a similar result.

The intensity of SCML is

(21)

. KVde_Z;qZ:Zb
159270 1—a)e
Obviously, both the total Chl a in the water column and the
intensity of SCML are proportional to the flux of nutrients
from below (K\,g‘fj—’;’|z:%), which is determined by the diffu-
sivity below the surface mixed layer and the nutrients gradi-

ent at the bottom of water column. Varela et al. (1994) also
found a similar result via simulations.

(22)

Pmax
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3.2 Influences of environmental parameters on SCM
characteristics

We now investigate how the steady-state thickness, depth,
and intensity of SCML depend on environmental parameters.
Because the analytic solutions for SCML depth and intensity
depend on Gaussian parameter o and environmental parame-
ters, we first examine the influence of environmental param-
eters on parameter o.

Equation (18) shows that the thickness of SCML is inde-
pendent of sea surface light intensity (Ip). This is consistent
with numerical simulations (Beckmann and Hense, 2007).
This result also suggests that seasonal variation in SCML
thickness has no relation to light intensity. Thus, it is not sur-
prising that the empirical model poorly predicted parameter
o by using season as an important factor (Richardson et al.,
2003).

To illustrate the effects of other model parameters (Kg,
Kv2, um, €, w) on the parameter o, we need to obtain in-
formative algebraic expression of o. To simplify, by Taylor
expansion of eXd°at & = 0 and truncating the Taylor series
after the linear term, i.e., X4 = 14 Kqo 4 0(c?), Eq. (18)
can thereby be rewritten as

3 W 5 eKgKvp+pumw Kz (um/Kg—w

o°——0o
&(m—¢)

)
. (23
& eKd(um —¢) @)

According to the properties of a cubic function, we know
that Eq. (23) has one and only one positive real root
o, when W > 0. Because umf (lo)>¢e and
0< f(lp) <1, um > &. Thus, when the maximum phyto-
plankton growth rate (um) within one penetration depth
(1/Ky) is larger than sinking velocity of phytoplankton, i.e.,
um/Kq—w > 0, there exists a non-negative value of param-
eter o, which increases with increasing W
Using dimensional analysis, Klausmeier and Litch-
man (2001) found that the degree of turbulence determines
the thickness of SCML. Our analytical result shows that the
thickness of SCML increases with increasing vertical diffu-
sivity below the surface mixed layer (Ky2). In addition, the
SCML thickness decreases with increasing sinking velocity
of phytoplankton (w) and light attenuation coefficient (Kg).
The right-hand term in Eq. (23), XweWm/Ka—w) “can pe

e(km—¢)
modified to —Kw2®m/Ka—v) s the effect of loss rate
odified —(e—um/2)2+ud /4 ' orio )

on parameter o depends on upy,/2. Note that um f (lo) > ¢
once the SCM occurs. When the surface light intensity Iy is
smaller than or equal to the half-saturation constant for light
Ky, ie., f(lg) <05,then0 < & < um f (Ip) < um/2; thus o
decreases with increasing ¢. Conversely, when f (Ip) > 0.5,
for e > um/2, o increases with increasing ¢; for ¢ < um/2,
o decreases with increasing ¢. In summary, for smaller loss
rates (¢ < um/2), decreased ¢ leads to a thicker SCML,
while for larger loss rates (¢ > um/2), decreased ¢ leads to a
thinner SCML.
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Equation (16) can be rewritten as

1
im = - In(Al), (24)

where A = K% (8+Igvn21/0'2 — 1). Clearly, from Eq. (18) we

know A does not depend on surface light intensity (Ip); thus
we infer that the depth of SCML increases logarithmically
with increasing Ip. In other words, the SCML gets deeper due
to the seasonal increase in Ip and remains almost unchanged
when the surface light intensity increases to a certain degree.
Observations at the HOT (Hawaii Ocean Time-series) site in
the eastern Pacific and the SEATS (South East Asia Time-
series Station) station in the South China Sea showed a sig-
nificant seasonal variation in SCML depth (Chen et al., 2006;
Hense and Beckmann, 2008). Hense and Beckmann (2008)
explained the deepening of SCML depth in spring at the HOT
site by the seasonal increase in the light intensity. Model-
ing sensitivity analyses also showed that an increase in the
surface light intensity yields a deeper SCML (Jamart et al.,
1979; Varela et al., 1994; Beckmann and Hense, 2007).

Determining the effect of vertical diffusivity below the sur-
face mixed layer (Ky) on the steady-state SCML intensity is
more difficult. Increased K\, increases parameter o (Eg. 23)
and the diffusive flux of nutrients from below (Eq. 22); how-
ever, this parameter has opposite effects on Pmax (EQ. 22).
With Eq. (23) rearranged we obtain

Kv2 _ (Um—¢€)e
o (um/Kq—w)/o?+¢/o
(Um—&)w
(um/Kd—w) /o +¢
_ umw/ Ky
pum/Kd—w+eo’

(25)

Clearly, all the three terms on the right-hand side of this
equality increase due to the increasing o by a higher Kys».
Therefore, it can be inferred that increased vertical diffusiv-
ity below the surface mixed layer (Ky7) leads to a stronger
SCML intensity (Pmax)-

The influences of various parameters on SCM character-
istics determined by Egs. (16-18), (21), and (22) are sum-
marized in Table 1. For example, increased light levels (in-
creasing surface light intensity Iy, decreasing attenuation co-
efficient Kg) or increased light competitive ability (decreas-
ing half-saturation constant for light K;) moves the SCML
deeper; increased nutrient supply (increasing vertical diffu-
sivity below the surface mixed layer Ky, and loss rate of phy-
toplankton &) moves the layer toward the surface. The shape
of SCML (thickness and intensity) is mainly influenced by
nutrient supply (Kyz and ¢). The intensity of SCML becomes
weaker as a result of expanding the SCML by a lower sinking
velocity of phytoplankton (w) and a smaller light attenuation
coefficient (Kg).
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Table 1. Influences of dynamic model parameters on the steady-state SCML thickness (20°), depth (zm), intensity (Pmax), and the total Chl a

in the water column (%).

Model parameters (1) 20 Zm  Pmax h
Io -t - -
(photosynthetically available radiation)

K - b - -

(half-saturation constant of light-limited growth)

Kvo
(vertical diffusivity below surface mixed layer)

w

(sinking velocity of phytoplankton)
Ky

(light attenuation coefficient)

&
(loss rate of phytoplankton)

o
(nutrient recycling coefficient)

dN
@ lz=2

(nutrient gradient at the lower boundary of SCML)

KN

(half-saturation constant of nutrient limited growth)

Kyv1
(vertical diffusivity in surface mixed layer)

Mmax
(maximum growth rate of phytoplankton)

4 indicates increase, | indicates decrease, — indicates no effect, / indicates no straightforward result, * indicates a result when

& < umax/2, and ** indicates a result when & > max/2.

4 Discussion

Considering the two-compartment system (nutrients and
Chl a) in steady state and a general Gaussian function for ver-
tical Chl a concentration, we derived the analytical solution
for the fundamental relationships between SCM character-
istics and various parameters. Three special scenarios, their
limitations, and the implications for this study are discussed
below.

4.1 Three special scenarios

Equation (18) indicates that the parameter ois affected by
changes in the vertical diffusivity below the surface mixed
layer (Ky2), the sinking velocity of phytoplankton (w) and
the light attenuation coefficient (Kg), which inversely affects
depth and intensity of SCML (Egs. 16, 17, and 22). Thus,
three special situations of the theoretical solutions for SCM
characteristics are discussed below.

www.biogeosciences.net/12/905/2015/

Firstly, the term Ky, /o2 on the right-hand side of Eq. (18)
is neglected. This special situation occurs either when the
vertical diffusivity below the surface mixed layer is too small
to be considered (Ky»> —0) or when Ky, /o2 is much smaller
than um — ¢, i.e., the mixing timescale (7T = UZ/sz) below
the surface mixed layer is much longer than the time taken by
net growth of phytoplankton, (um — &) 2. Indeed, in the sea-
sonal thermocline, vertical turbulent diffusive timescales can
vary from weeks to months for phytoplankton displacements
as small as several meters (Denman and Gargett, 1983). The
value of (um — £) ! used in many studies is usually from 0.1
to 5 days (Gabric and Parslow, 1989; Klausmeier and Litch-
man, 2001; Huisman et al., 2006).

In this situation, from Eq. (14), the growth rate at SCML
depth can be expressed as

wmf ) |z=zn = 6.

In regions with a low vertical diffusivity, Fennel and
Boss (2003) derived that, at the SCML depth, the growth

(26)
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rate of phytoplankton is equal to the loss rate and the diver-
gence of phytoplankton due to changes in the sinking ve-
locity. Clearly, Eq. (26) is identical to that of Fennel and
Boss (2003) for constant sinking velocity of phytoplankton.

In this situation, the depth of SCML can be derived from
Eq. (16), i.e.,

1 —e) I
ZmZ_InM-

27
Ky ek, @7)

This equality indicates the SCML depth is directly propor-
tional to the light penetration depth (1/Kg). Observations by
four Bio-Argo floats in the North Pacific Subtropical Gyre,
the South Pacific Subtropical Gyre, the Levantine Sea, and
in the northwestern Mediterranean Sea showed a signifi-
cant positive linear relationship between the two variables
(Mignot et al. 2014). Beckmann and Hense (2007) also found
a similar result through statistical analysis of numerical mod-
eling.

The right-hand term of Eq. (27) can be rewritten as
Kidln;—i by letting I*:%, where umf(I*) =¢. Un-
der the assumption of infinitely thin SCML (o —0), Klaus-
meier and Litchman (2001) also derived Eq. (27) by set-
ting the vertical diffusivity for phytoplankton to zero, i.e.,
Ky =0, in poorly mixed waters. Here, we go further to ob-
tain the approximate expression of the thickness of SCML
from Eq. (23), that is,

w w2 w
20 = ;+\/(;) + Kq(s—&?/um)’ (28)

Obviously, the thickness of SCML increases with an increase
in the sinking velocity of phytoplankton (w), and with a de-
crease in the maximal growth rate (um) and the light attenu-
ation coefficient (Ky).

The second special situation occurs when the term w/o
on the left-hand side of Eq. (18) is neglected. This special
case occurs in regions where phytoplankton sinking veloc-
ity is very low (w —0), or when w/o is much smaller than
m—¢, i.e., the time taken by phytoplankton sinking through
half-length of SCML, (w/o)~2, is much longer than the time
taken by net growth of phytoplankton, (jum —¢)~L. Phyto-
plankton sinking velocities exhibit a range of values depend-
ing on physical and physiological phenomena (e.g., size and
shape of the cell). In the environment, estimates of sinking
velocity vary from 0 to 9m per day (Gabric and Parslow,
1989; Huisman and Sommeijer, 2002). Thus, the latter spe-
cial scenarios (i.e., w/o < um — €) can indeed occur.

In this situation, according to Eq. (15), the net growth rate
at the lower boundary of SCML can be expressed as

pmf () |;=zp+0 —€=0. (29)

That is, the lower boundary of SCML, zq, + o, is located at
the compensation depth.
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In this situation, the depth of SCML can be derived from
Eqg. (17), i.e.,
Zm = i|n—('um —&) 1o —o.

Ky ek

Compared with Eq. (27), we know that the depth of SCML
is shallower in this special case than that in the case of ne-
glecting the influence of vertical diffusivity below the surface
mixed layer on SCM. This result implies that the displace-
ment (o) of SCML depth is the result of combined influences
of vertical diffusivity and sinking velocity of phytoplankton.

In this situation, from Eq. (23), we have

Ky K,
U(H _)(_ _2)= @)
Mm — €& HUm — €&

MmKUZ
(Um — S)EKd.

The SCML thickens with a larger vertical diffusivity below
the surface mixed layer (Ky2), a smaller growth rate (wm), or
a lower light attenuation coefficient (Kg). In particular, when
K,2> =0, we have o =0. In other words, for non-sinking
phytoplankton (w —0), when the vertical diffusivity below
the surface mixed layer is very small (K,> —0), the SCML
disappears. This indicates that there must be a vertical diffu-
sion window sustaining non-sinking phytoplankton species
in deep waters.

The third special situation occurs when Kqo (i.e.,
o/(Kq)™Y) is too small to be considered in Eq. (18). This
may occur in clear waters where the light attenuation coef-
ficient is very small (Kgq — 0), or in regions where the light
penetration depth (1/Ky) is much larger than a half-width of
SCML (o). Very narrow (from several to tens of centimeters)
SCML has been observed in clear, stratified lakes where the
light penetration depths were from several to tens of meters
(Fee, 1976; Camacho, 2006).

In this situation, Eq. (18) can be modified to

(30)

wo + Kyz =0. (32)

Clearly, when K, =0, w =0, this equation has infinitely
many solutions. This means that, in stable, clear waters with
a predominance of small cells, the deep SCML can occur
with different thicknesses. For example, in the basin of South
China Sea, phytoplankton <3pum (such as Prochlorococ-
cus, Synechococcus, picoeukaryotes, etc.) are the dominant
species in SCMLs (Takahashi and Hori, 1984; Liu et al.,
2007) with variable thicknesses (Lee Chen, 2005; Chen et
al., 2006).

4.2 Limitations and potential application

To make the complex problem (SCM phenomenon) tractable,
the ecosystem dynamical equations adopted in this study
are judiciously simplified. For example, a constant eddy dif-
fusivity is assumed in the surface mixed layer and below
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this layer, respectively. Many processes (turbulence, inter-
nal waves, storms, and slant-wise and vertical convection)
in upper ocean dynamics are not captured in the model sys-
tem. The assumption of steady state will be broken during
episodic events of strong physical forcing, nutrient injec-
tion, or blooms (Fennel and Boss, 2003). Similarly the bi-
ological representation is also extremely limited. We neglect
food-web and microbial loop dynamics (detritus, dissolved
organic matter, and zooplankton are not included explicitly),
and assume all loss processes, except sinking, to be linearly
proportional to phytoplankton. The sinking velocity of phy-
toplankton is assumed to be constant with depth, excluding
the effects of temperature and density gradients. Our model
also neglects some feedback mechanisms, like the effect of
phytoplankton on light attenuation. Although these are im-
portant aspects, their addition is unlikely to change our con-
clusions qualitatively under the boundary conditions chosen
in this study (Fennel and Boss, 2003).

Without considering nutrient input directly to the surface
mixed layer, Chl a concentration within it is assumed to be
nearly zero. The SCML is assumed to occur significantly
deeper than the base of surface mixed layer, and the vertical
gradient of Chl a is assumed to be identically zero at the tran-
sition between the two layers. This vertical profile of Chl a
(Fig. 1) is assumed to be well fitted by a general Gaussian
function (Eq. 7), in which Chl a within the surface mixed
layer is an approximation for the tail of Gaussian function.
The Gaussian assumption leads to the results that the vertical
diffusivity within the surface mixed layer has no role in the
SCM. However, the assumption of a general Gaussian profile
can be broken in several ways. If nutrient is directly input
into the mixed layer due to riverine inputs, surface runoff,
or atmospheric deposition, a positive Chl a concentration
within the surface mixed layer will be sustained (Mellard et
al., 2011). In this case, the general Gaussian function can be
modified with a superimposition of a background which is
either a constant (Platt et al., 1988; Richardson et al., 2003)
or a function of water depth (Uitz et al., 2006; Mignot et al.,
2011). If the depth of surface mixed layer zs is large, this
allows another way for the surface Chl a concentration to
be positive by extracting some of the Chl a from the SCML
(Beckman and Hense, 2007); thus the vertical gradient of
Chl @ may not be identically zero at the transition between
the two layers.

Under the assumption of a constant loss rate, the lower
compensation depth we obtained from Eq. (11) — the loca-
tion where the growth rate of phytoplankton limited by light
equals the loss rate — is similar to the popular definition of
compensation depth given by Sverdrup (1953), below which
no net growth occurs. This assumption is in the heart of the
Sverdrup’s critical depth model and we now understand that
it has significant limitations (Behrenfeld and Boss, 2014).
Particularly, the treatment of grazing loss is, at the very least,
an oversimplification, though many numerical models have
used a similar one (e.g., Klausmeier and Litchman, 2001;
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Fennel and Boss, 2003; Huisman et al., 2006). Grazing loss
depends strongly on phytoplankton and zooplankton concen-
trations (it is an encounter-based process) and, given that
zooplankton can move or, at least, grow faster where more
food is available, is unlikely to have a constant concentration
distribution (Behrenfeld and Boss, 2014).

Our model suggests that the condition for the existence of
an SCM is that the growth rate under the limitation of light
intensity, um f (Io), is larger than the loss rate, ¢, in strati-
fied water columns. Fennel and Boss (2003) found a simi-
lar result and pointed out that this condition for an SCM is
general. Many numerical studies have reproduced the SCM
phenomenon, of which the condition of SCM occurrence met
with variable values of the sinking velocity of phytoplankton
and the mixing diffusivity (Klausmeier and Litchman, 2001;
Huisman et al., 2006; Mellard et al., 2011).

Our two-compartment system model reproduces some of
the results of the more complex model with three compart-
ments (phytoplankton, nutrients, and detritus; Beckmann and
Hense, 2007). For example, our model predicts that, with full
recycling of the dead phytoplankton, the total Chl « concen-
tration in water columns depends on the sinking velocity of
phytoplankton and the vertical diffusivity but is independent
of the growth rate and the loss rate of phytoplankton. Beck-
mann and Hense (2007) found similar results. Here, we go
further to point out an interesting finding that the derivations
of the total Chl a independent of the form of the growth-
limiting function. Since growth functional forms in phyto-
plankton models are still debated in the literature (Haney,
1996; Ayata et al., 2013), this will be most helpful to esti-
mate the vertical integrated Chl a and primary production.

The relationships (in previous sections and in Appen-
dices A and B) we derived can be used to compute missing
model parameters (such as maximum growth rate um, loss
rate ¢, recycling rate o) which are difficult to obtain through
on-site observation if estimates of others are available. For
example, Eq. (B4) allows us to obtain an estimate of the sink-
ing velocity of phytoplankton from the measurement of SCM
thickness and intensity, the nutrient concentration at water
column depth, and the vertical diffusivity below the surface
mixed layer.

Our analytic solutions can in principle be tested through a
comparison with observations: for example, the shape of pro-
files (the SCML thickness, depth, and intensity), expressed
by the characteristic relationships (Egs. 16-18, 22, and B4),
the vertical integral of total subsurface Chl a concentration
(Egs. 21 and B3), the consistency of independent field esti-
mates for sinking velocity, vertical diffusivity, recycling rate,
and loss rate (Eqgs. 21-22 and B3-B4).

We retrieve the three SCM characteristics from Eqgs. (16—
18) and (22) by combining remote sensing data (annual av-
eraged values of surface light intensity Iy and light attenu-
ation coefficient Kyq) and some parameters from published
field and numerical studies (e.g., sinking velocity of phy-
toplankton w, vertical diffusivity below the surface mixed
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Table 2. Parameter values at SEATS, HOT, and BATS.

Steady-state solutions for subsurface chlorophyll maximum

Parameters Units Values at stations

SEATS HOT BATS
Iy pmol photonm=2s~1 700 1.2 550 (1.3 448 1.4
Ky m~—1 0.052 1.9 0.04 4.3 0.042 1.4
Kyo mZs—1 5x 107°®) 5x107°®)  1x 107479
Hmax d-1 1.2 5. 10) 0.96 ® 1@
K| pmol photonm=2s=1 40 12) 20® 20 3.12.13)
P d-1 0.5©. 10 0243 0514
o - 0.3 10 05® 0.16 ®
w m dfl 1 (15) 1 (3, 15) 2 8)
dN/dz at depth of z, mmol Nm~—4 0.1 149 0.05 17.18) 02 (19.20)
Zh m 200 200 200

Superscript numbers in parentheses refer to the references that provide the source for the parameter value, and the citations are as
follows: (1 http://oceandata.sci.gsfc.nasa.gov/SeaWiFS/Mapped/Annual/9km/; @) Wu and Gao, 2011; ® Huisman et al., 2006;*
Varela et al., 1994; (® Lee Chen etal., 2005; ® Lu etal., 2010; (VHood et al., 2001; ® Salihoglu et al., 2008; (9 Cai et al., 2006;
A0 Ljy et al., 2007; @D Ayata et al., 2013; 12 Raven and Richardson, 1986; (13 Mara On and Holligan, 1999; %) Tjiputra et al.,
2007; (19 Bienfang and Harrison, 1984; 14 Chen et al., 2006; (15 Fennel and Boss, 2003; 16) Hense and Beckmann, 2008; (/)

Cianca et al., 2007; 8 Cianca et al., 2012.

layer Ky, loss rate &, maximum growth rate wuy). Table 2
lists the values of model parameters at three time-series sta-
tions in different ocean regions, i.e., the SEATS, HOT, and
BATS stations (Bermuda Atlantic Time-Series Study) site in
the Sargasso Sea, as well as the corresponding references.
The estimated results and the observed values of the SCML
thickness, depth, and intensity at the three stations are shown
in Fig. 2.

The estimated depths and thicknesses of the SCML agree
reasonably well with the observations at all three stations.
However, the intensities of the SCML are poorly estimated,
implying other mechanisms (e.g., wind-driven nutrient pulse)
supplying nutrients for the SCML, except upward diffusivity,
for phytoplankton growth (Williams et al., 2013). This is the
first attempt to estimate the depth, thickness, and intensity
of the SCML using parameters from satellite data and field
studies. It should be noted that the estimation is sensitive to
the values of these environmental parameters used. The val-
ues used in estimations above are representative for the av-
erages over a large spatial or temporal scale, but they may
not reflect the real values at a specific station. Even though
disagreements could be associated with uncertainties from
several sources, this type of attempt would give some idea
of how real-world data could be incorporated into the model
and thus be applied to the field (Pitarch et al., 2014).

5 Summary

A general Gaussian function is assumed to represent a bell-
shaped vertical distribution of Chl « in stratified water
columns. The function is incorporated into the ecosystem dy-
namical equations to determine three steady-state SCM char-
acteristics and examine their dependence on environmental
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parameters such as vertical diffusivity, sinking velocity of
phytoplankton, and light attenuation coefficient.

The maximum Chl a concentration occurs at or below the
location of the maximum growth rates of phytoplankton de-
termined by the vertical mixing timescale and the time taken
by a phytoplankton sinking through the length scale.

The depth of the SCML in steady state deepens logarith-
mically with an increase in surface light intensity but shoals
with increasing light attenuation coefficient, increasing ver-
tical diffusivity below the surface mixed layer, increasing
loss rate of phytoplankton, and decreasing sinking velocity
of phytoplankton.

The thickness and intensity of the SCML are mainly influ-
enced by nutrient supply but are independent of sea surface
light intensity. The SCML gets thicker and stronger with a
higher vertical diffusivity below the surface mixed layer. The
intensity of SCML in steady state weakens as a result of ex-
panding the SCML by a smaller sinking velocity of phyto-
plankton and a lower light attenuation coefficient.

In regions with a low vertical diffusivity, the SCML depth
is inversely proportional to light attenuation coefficient and
is deeper than that in regions dominated by non-sinking phy-
toplankton. In clear and stable waters with a predominance
of small cells, deeper SCMLs can occur with different thick-
nesses.
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Figure 2. Comparisons of the model results and observations (in
terms of thickness, depth, and intensity of SCML) at SEATS,
HOT, and BATS (black columns represent the model results and
red columns are the observations at the three stations which
were fitted via a Gaussian function using annually averaged
data obtained from http://www.odb.ntu.edu.tw/, http://hahana.soest.
hawaii.edu/hot/hot-dogs/cextraction.html, and http://bats.bios.edu/,
respectively).

Upon potential risk of climate change, it is critical to
accurately estimate the global and regional SCML-related
primary production. However, the SCM characteristics can-
not be detected by remote sensing satellites, which will re-
strict the application of satellite data in estimating primary
production in a large temporal and spatial scale. The Argo
float equipped with optical sensor has been developed to
measure the distribution of particles and chlorophyll in the
world’s ocean (Mignot et al., 2014), but the data are still
limited. The relationships we derived might help to esti-
mate depth-integrated primary production using available
data from satellite observations (incident light and light at-
tenuation coefficient) when appropriate vertical estimates of
growth rate and loss rate of phytoplankton, sinking velocity
of phytoplankton, and vertical diffusivity were adopted based
on observations or model results. Again, the solutions could
also help to compute environmental parameters that are dif-
ficult to obtain from on-site observation.
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Appendix A

In steady state, the net nutrient flux at any given depth (z)
is equal to the net nutrients consumption by phytoplankton;
thus from the steady state of Eq. (2) we obtain Eq. (Al) be-
low the surface mixed layer:

dN(z)

2l (AD

/(Mmmin(f (1), 8(N)) —ae) P(2)dz ~ Ky2

If ummin(f (1), g(N)) — & > 0, then ummin( £ (1), g(N)) —
ae > 0for0 <o <1, and thus we will have 4 > 0. That is,
N (z) will increase with depth below the surface mixed layer.

From the properties of the quadratic function on the right-
hand side of Eq. (10), we have ummin(f (1), g(N))—e > 0in
the interval (zc1, zc2). Hence, we have ummin(f (1), g(N))—
ae > 0for0 <« < 1;thus dN/dz > 0. In other words, N (z)
increases with depth in the interval (zc1, zc2).

According to Eq. (4), we know that g(N) is a monotoni-
cally increasing function on interval (z¢1, zc2) and f(I)is a
monotonically decreasing function on interval (zc1, zc2). It is
well known that the stable SCML occurs in stratified water
column only when the growth of phytoplankton in the surface
mixed layer is nutrient-limited (Mellard et al., 2011; Ryabov
etal., 2010). In other words, the limitation by nutrients g(~N)
is less than the limitation by light f () within the surface
mixed layer, i.e., g(N) < f(I) for 0 <z < zs.

Because there is only one maximum in the growth rates of

phytoplankton which occurs at the depth zg = zm — % and
Ze1 < 20 < z¢2 (EQ. 11), we arrive at

. ] g(N) za=<z=<2z0
mnn(f(l),gav))—[ F) 20 <2 <z (A2)
and
max (ummin (f (1), g (N))) = pm f (1) |:=z,- (A3)

That is, the maximum growth rate occurs at the depth zg,
where there is a transition from nutrient limitation to light
limitation, thus the growth of phytoplankton is light-limited
below the depth zg.
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Appendix B

The dead phytoplankton is entirely recycled (¢ = 1), and
thus the system is closed. In this case, at steady state, Eq. (19)
reduces to

d—P—ﬁK P+N (B1)
de _dZZ( V( + ))

Integrating this equation twice from the surface to bottom
boundary (zp) gives

b
w/P(z)dzszl(P—i-N)!ff +Kv2(P+N) |2, (B2)
0

Note that we know that the SCML occurs only when the
growth of phytoplankton within the surface mixed layer is
nutrient-limited; thus we further assume the surface nutrients
value is negligible. Using the assumption of small Chl a at
the top and the bottom boundaries of the model domain, we
obtain

=52 (), (B3)
w

and the intensity of SCML is

K2

Prax = —
max Verow

where N(zp) is the nutrients concentration at depth zp.
Therefore, with o = 1, the intensity of SCML is affected by
the ambient nutrients concentration below the surface mixed
layer. The total Chl a in the water column depends on the
sinking velocity of phytoplankton and the diffusivity, but it is
independent of the growth rate and loss rate of phytoplank-
ton. Analogous results have been obtained by Liccardo et
al. (2013). Beckmann and Hense (2007) also found a similar
result by introducing an explicit compartment for the detritus
in their models.

N (2b), (B4)
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