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Introduction

Below we provide mathematical formulations of the different models used in the manuscript.

All models are coded in Matlab, and can be found at https://github.com/jinyunltang/cue paper.
S1. The modified Droop model (Thingstad, 1987)

The mDroop model is based on Thingstad (1987), who developed a model of bacteria that

feeds on substrates containing carbon, nitrogen, and phosphorus. For simplicity, we removed the

nitrogen and phosphorus components here, and adopted symbols that are more consistent with

the remaining of this manuscript.

Specifically, the dynamics for structural biomass By, is formulated as

dBy _
T = uBy, S1)
and that for total biomass By is formulated as
& . Qmax-Q _ S2
a (]A Qmax—Qmin R) BV' ( )
where the specific substrate uptake is down-regulated from j, by the carbon quota limiter
Qmax—Q
(Qmax_Qmin '
Based on equations (S1) and (S2), the dynamics of carbon quota Q is
4Q _ d (Br\ _ 1dBr BrdBy _ . Qmax-¢ _ p _
dat B dt (BV) B By dt BVZ dt 4 Qmax—Qmin R Q,U., (S3)

Note that carbon quota @ has its maximum and minimum defined as Q,, 4, and Q.,in,

respectively. Because structural biomass By, is part of By, we have Qpin = 1.

Accordingly, the specific growth rate u is computed as a function of carbon quota via

Qmin
=t (1 - 222), (s4)
and the specific respiration R is computed as
R =c1Qu+ c2(Q — Qmin)- (S5)

where coefficient c; relates respiration R to growth, and coefficient c, relates respiration R to

maintenance.

Exponential growth




: . d
For exponential growth, since d—(i = 0, one has

T [(A+c)ptcz]AQ+)a

. Qmax—Q _ _ —

]A Qmax—CQmin R Q,Ll 0’ (86)
which when combined with equation (S5) leads to

erjlijinQa:zin - [(1 Fedute Qmax]mein Q= ¢2Qmin- &7
By defining AQ = Q,0x — Qmin, Q@ can be solved from equation (S7) as

Q _ JaAQmax*C20minAQ (88)

When equation (S8) is combined with (S4), the specific growth rate is computed as a function of

substrate uptake j, through

Hmax—H Ys

— (1+c)lmaxtC2 Qmin
Hmax—H Ys

u jalAQ
Hmax N jaQmax+[c2+(1+¢) max]QminAQ (S9)
Meanwhile, by rewriting equation (S4) as
Q = Qin 22, (810)
then using equations (S3) and (S5), we can compute the actual substrate uptake q as
4= jag = R+ Qu=[(L+ c)u + 610 ~ ¢ Qmins
= ([(1+Cl)ﬂ+C2]M_C2)M= (S11)

where Y5 is the reserve biomass yield from assimilating the substrate, which leads to the equation

of q(§) in Table 1 of the main text.

For the structural biomass yield Yy, it can be computed as

_H — Hmax—H Ys
YV N q (A+c)tmax+C2 Qmin (812)
Following this, the total biomass yield is
— _ Umax __ Hmax
YB B YVQ B YVQmin Hmax—H N (1+c)umaxtcz S (813)

which is the equation shown in Table 1 of the manuscript.

S2. The variable-internal-stores model




This model is based on the microbial model in Williams (1967) and plant model in Thornley

(1972). Since this model assumes that the metabolic demands for maintenance my By, and growth

VEX . . .
By ﬁ are parallelly met by reserve biomass turnover, it computes the reserve biomass as
X

dB )
d_tX = jaBy —myBy — By ;i);, (S14)

where x is the reserve density defined as x = By/By,.

Accordingly, the structural biomass growth is computed as,

dB
v = YRvBVvE ﬁ. (815)

dt

To ease the model intercomparison, we simplify the nonlinear kinetics with linear

kinetics, such that

dByx

ar JaBy —myBy — Byvgx, (S16)
and
1 dB
= Ed_tv = YRVvEx~ (817)

Accordingly, the reserve density dynamics x becomes

d 1d d (1 .
d_)::EE(BX)+BXE(E) =ja—my — (u+vg)x. (S18)
Exponential growth

. T d .
Under exponential growth, the reserve density is at steady state d—’: = 0, which leads to

ja=my + (u+vg)x, (S19)
and
u
x =t (S20)

The combination of equations (S19) and (S20) leads to

ja = K(u+vEg) +my = 1(1+p/vE) +my, (S21)
YRyVE YRy
which can be rewritten as
u? +vgp — Gy — my)veYey = 0, (522)
from which u can be solved as a function of substrate uptake as
p="(-1+ J 1+ Hamey) (23)
2 VE

Additionally, one can compute the structural biomass yield as



—_ Mty _ UYSsYRy
YV o jA YS (1+[1,/UE)H+mVyRV, (824)
and the total biomass yield as
St (o 1)
Ve =Y,(1+x)= Yy +—). S25
b =1+ (L +p/veu+ myYey U " v (825)

S3. Standard DEB model

Following Kooijman (2009) and Tang and Riley (2023), the standard DEB (sDEB) model

assumes that reserve biomass is mobilized via the first order kinetics when the reserve biomass

density (x = By/By) is used as control variable. Specifically, the reserve density dynamics is

formulated as

dx

=j,— VpX.
ar Ja E

(S26)

Accordingly, the structural biomass growth p is driven by the mobilized reserve biomass

flux (vg — wx after subtracting the demand from maintenance my, /Yy, such that

|4 U

m —
g —x—g o=y -, (527)
which leads to
1 dBy _ _ YRyVEX—My
E? - - 1+YRyx (828)
Exponential growth
For exponential growth, since Z—’; = 0, one has
Ja = vgx, (S29)
which leads to
_ Yryja—-my
N vy jarve (S30)
From equations (S29) and (S30), the structural biomass yield is computed as
—Hty —_H —_r
Vo =% = L (1= £) ¥V, (831)
And the total biomass yield is computed as
Yy =Y, (1+x) =~ (1 - i) (YRV + ’”V“‘) e, (S32)

my+u VE

v

E—HU

S4. Modified DEB model

The mDEB model differs from the sSDEB model by allowing the reserve biomass to be

mobilized via nonlinear kinetics without involving the growth-induced dilution effect (Tang and




Riley, 2025), instead, the growth-induced dilution acts to lower the reserve density. When taking

the linear approximation (for easier model comparison), the reserve density dynamics is

dx

pri Ja — VgXx — ux, (S33)

where the term —ux signifies the dilution effect that is absent from that for the SDEB model (see
eq. (S526)).

The corresponding equation of structural biomass is

1 dB
Ed_tv = = YryVpX —my, (534)
Exponential growth

. . dx
For exponential growth, since il 0, one has

ja = (g + wx, (S35)

which when entered in equation (S35), one has

U= Yeyvg 24— —my. (836)

VE+U

Equation (S36) can be rewritten as

u? + (my + vp)u — (jaYry — m)vg = 0, (S37)
and has the solution
_mytvg ([ 4vg(jaYrRy—my)
= my ( 1+ \/1 ¢ R ) (S38)
By combining equations (S35) and (S36), one may obtain
. N (utmy
Ja = (1 + UE)( YRy )’ (839)

which can be used to compute the specific substrate uptake

= (%0 Game) = (2 () s (540

Thence, the structural biomass yield is

v

=4 T Gvn Gy RV (S41)

And the total biomass yield is

Yy = (1+ %)Y, = (1 n H+mv) VEUYRYYs  _ (YRVUE+H+mV)MY (S42)

Yrvve/ (utvp)(umy)  (utmy)(ptvg) S

S5. Soil carbon model



The six soil carbon models used for the analysis of dynamic CUE under month-to-month
varying carbon inputs are described below. All models consider one homogeneous microbial
group feeding on one fast pool C and one slow pool C. The model grid is assumed to be 1 m? in
horizontal area and 1 m in depth. We formulated the substrate uptake based on the argument in
Tang et al. (2024), and added all microbial biomass from mortality to the slow pool C. In all
model simulations, initial values of microbial biomass, fast and slow carbon pools are derived
based on their respective steady-state-solutions under an annual carbon input of 350 gC m™ year
I All the models are coded in Matlab, which are available at

https://github.com/jinyunltang/cue paper.

Pirt model

Fast pool C dynamics

dC V, C, /K, m V, C, /K,

—l=(1—a)anp—CB 1 G/, LM 1 G/K, (S43)
m

= (1= Q)Fypp — Cohy (1+ h—YVb)

Slow pool C dynamics

dCs
dt

Vs Cs/Ks my Vs Cs/Ks ) (S44)

= aFy,, + y5Cs — C 5
Anpp T VBB B(1+CI/K1+CS/KS Y, ViCi/K; + Vs Cs /K

= aanp + VBCB - CBhS (1 + }'TT‘;),

h = h; + hq, (545)
Specific microbial growth rate

(S46)
U= tha
Microbial Biomass dynamics

(S47)
dc
d_tB = (1 —v5)Cs.
Compromise model
Fast pool C dynamics
[ (Vi+my/Yp)C1/Kr) _ (S48)
at (1= a)Fpp = Cp ( 14C;/K+Cs/Ks ) = (1= a)Fyp = Cshu,
Slow pool C dynamics
dCs _ (Vs+my/Yp)Cs/Ks (S49)
dar aanp + VBCB - CB 1+C1/VK1+CS/KS - aanp + VBCB - CBhSa




h = h; + hg, (S50)
Specific microbial growth rate (S51)
U= th —my
Microbial Biomass dynamics
dacs _ i — 72)C (S52)
at _ U~ VB)Lp.
Modified Droop model
Fast pool C dynamics
S53)
ac; . avCi/K; _ _ _ (
dar (1 - a)anp BV 1+C,/K+Cs/Ks - (1 a)anp Bvehla
Slow pool C dynamics
S54)
dCs __ 0VsCs/Ks _ (
d_ts = aanp + )/BBT - va = aanp + VBBV - BVGhS,
g = dmax=Q 5 _5r (S55)
Qmax—Qmin By
h = h; + hg, (S56)
Specific microbial growth rate
(S57)
Qmin
U= Umax (1 - T)a
Specific microbial respiration rate (S58)
R = ClQ# + CZ(Q - Qmin)a
Total microbial biomass dynamics
dBr (S59)
T By (h8Y, — R) — ygBr,
Structural microbial biomass dynamics
dBy _ (= y)B (S60)
2 \U—Vp)by.
Variable-internal-store model
Fast pool C dynamics
S61)
dCi _ 4 _ ViCUKi g _ _ (
E - (1 a)anp BV 14Cy/K+Cs/Ks = (1 a)anp BVhla
Slow pool C dynamics
S62)
dac VsCs/K (
d_ts = aanp + )/B(BC + BV) - BV m = aanp + yB(BC + BV) - BVh-Sa
h = h; + hg, (S63)




Reserve microbial biomass dynamics

(S64)
dB
d_tc = (Ysh —my)By — Bcvg — vpBc,
Structural microbial biomass dynamics

(S65)
dB
d_tV = (,U, - YB)BVa
Specific microbial growth rate (S66)
= Yryvg Bc/By.
sDEB model
Fast pool C dynamics
aci _ 4 . ViCi/Ky _ (567)
— = (1 —a)Fy, va = (1 - a)Eypp — Byhy,
Slow pool C dynamics
dCs VsCs/K (S68)
dar aanp + )/B(BC + BV) - BV m = aanp + yB(BC + BV) - BVh-Sa
h =h; + hg,x = B;/By (S69)
Specific microbial growth rate

_ Yryvgx—my (570)
- 1+YRryx

Reserve microbial biomass dynamics
e _yp ~ ~ (S71)
PP sBy (vg — 1)Bc — vsBc,
Structural microbial biomass dynamics

(S72)
dB
d_tV = (L —vs)By.
mDEB model
Fast pool C dynamics
acy _ . . ViCi/K; _ (S73)
— = (1 —a)Fy, va = (1 - a)Eypp — Byhy,
Slow pool C dynamics
dcs _ VsCs/K (S74)
dar aanp + )/B(BC + BV) - BV m = aanp + yB(BC + BV) - BVh-Sa
h = h; + hg, (S75)
Specific microbial growth rate (576)

p = Ypyvg B¢ /By —my,




Reserve microbial biomass dynamics
dBg (S77)
T YsByh — vgBc — veBe,
Structural microbial biomass dynamics

(S78)
dB
d_tV = (L —vs)By.

S6. Temperature dependence
Following Tang and Riley (2015) and Tang et al. (2021), we parameterize the temperature
sensitivity with three different functions. V;, Vs and vy are parameterized using Eyring’s

transition state theory, so that

v(T) = v(T,) (Tlo) exp (— % (% — T%)) (879)

9

where dummy variable v can be V;, Vs or vg, Ty is reference temperature, and AHy, is enthalpy of
activation.
In order to represent the temperature-induced conformation change in proteins, V;, Vs and vg

are further multiplied by f,.; that is defined by

fuar) = s (580)
with

AG = —n(AH" — 18.AT + AC,[(T — 373.6) — TIn(T/385.2)]). (S81)

ACp = —46.0 + 30(1 — 1.54n0268) (S82)

where n is the average number of amino acid residues in the proteins, Ny is the average number
of non-polar hydrogen atoms per amino acid residue, AH* is the enthalpy change at the
convergence temperature for enthalpy set at 373.6 K.

K;, Kg, my, and yp are parameterized using the Arrhenius function, which is

§(T) = ¢(Ty) exp (— 2 (3- i)>, (383)

where dummy variable ¢ can be K;, Ks or my,, T, is reference temperature, and AH, is enthalpy

of activation.

S7. Nomenclature

Table S1: Definition of symbols used in the models in sections



Symbol | Unit Definition

a None Fraction of input carbon allocated to slow pool carbon

C1 None Scaling parameter for growth respiration

Cy year! Scaling parameter for maintenance respiration

fact None Fraction of proteins in active states

h year! Total specific substrate uptake

h; year! Specific fast carbon uptake rate

hg year! Specific slow carbon uptake rate

Ja year! Specific substrate uptake rate without the carbon quota limiter for
mDroop model; specific substrate uptake rate for VIS model,
sDEB model and mDEB model

my year’! Specific maintenance respiration rate for VIS model, sDEB model
and mDEB model

n None Average number of amino acid residues in the proteins

q year! Specific substrate uptake rate

t year Time

X None Reserve biomass density

Vg year’! Specific reserve mobilization rate in the VIS model and DEB
models

B¢ gC m? Reserve biomass C for VIS model, sDEB model and mDEB model

By gC m? Reserve biomass C for VIS model, sDEB model and mDEB model

Br gC m? Total biomass C for mDroop model.

By gC m? Structural biomass C

Cg gC m? Total microbial biomass for Pirt model and Compromise model

o gC m? Fast pool C

Cg gC m? Slow pool C

ACp J mol! K-! Heat capacity

Fopp gC m2 year! | Soil carbon input

AG J mol! Gibbs free energy for computing f,.;

AH, J mol! Enthalpy of activation




AH* J mol! Enthalpy change at the convergence temperature for enthalpy set
at 373.6 K.

Ncy None Average number of non-polar hydrogen atoms per amnio acid
residue

Q None Carbon quota

Qmin None Minimum carbon quota

Qmax None Maximum carbon quota

R year! Specific respiration

R, J mol! K-! Universal gas constant

T K Temperature

T, K Temperature

Ys None Total biomass yield

Y, None Biomass yield for Pirt model and compromise model

Yrv None Structural biomass yield from reserve biomass

Ys None Reserve biomass yield from substrate assimilation

Yy None Structural biomass yield

U year! Specific growth rate

Umax year’! Maximum specific growth rate

6 None Normalized carbon quota for mDroop model

Vg year’! Specific microbial mortality
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Figure S1. Forcing for the day-to-day varying temperature simulations: (a) annual carbon input
for the 50-year simulations. The constant carbon input (red line) is used for simulations presented
in Figures 3-6 of the main text, while the variable carbon input is used for CUE dynamics
presented in Figures S4 and S5; (b) monthly allocation of carbon input for each year; (c) daily
temperature (blue line) was taken at the 5 cm soil depth from a simulation for a US Midwest
corn-field by the EcoSIM model
(https://github.com/jinyun1tang/EcoSIM/tree/main/examples/run_dir/dryland). The red line is

the best-fit using the sine function, which is T = 13.46sin (%n - 1.823) + 13.32, with n
being the ordinal day.
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Figure S2 Simulation results from the six models under constant temperature: (a) Annual carbon
input; (b) Fast pool C; (c¢) Slow pool C; and (d) Total microbial biomass C. In panels (b), (c) and
(d), results by VIS model, sDEB model and mDEB model overlap each other. In panel (d),
results by the Pirt model and Compromise model overlap each other. For the carbon input in each
year, it is distributed to each month using the fraction in Figure S1a, which is then averaged by
the total number of days in each month to obtain daily carbon input. (Figure needs update)



351

201
=

' 350.5—

gCm

— 350

Carbon input
w
a
©
[
T

0 5 10 15 20 25

30

35

40

45

-

o

S

o
l

0 5 10 15 20 25

30

35

40

45

Slow pool C (

‘— Pirt Model —— Compromise Model

mDroop Model —— VIS Model ——sDEB Model —— mDEB model‘

6000 | | | | |
0 5 10 15 20 25

30

35

40

45

Microbial biomass C (gC m2

150 v ! | | | |

0 5 10 15 20 25
Ordinal year

30

35

40

45

Figure S3. Simulation results from the six models under day-to-day varying temperature: (a)

Annual carbon input; (b) Fast pool C; (c) Slow pool C; and (d) Total microbial biomass C. In
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For the carbon input in each year, it is distributed to each month using the fraction in Figure Sla,

which is then averaged by the total number of days in each month to obtain daily carbon input.

(Figure needs update)
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