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Abstract

The elemental ratios of marine phytoplankton emerge from complex interactions be-
tween the biotic and abiotic components of the ocean, and reflect the plastic response
of individuals to changes in their environment. The stoichiometry of phytoplankton is,
thus, dynamic and dependent on the physiological state of the cell. We present a the-5

oretical model for the dynamics of the carbon, nitrogen and phosphorus contents of
a phytoplankton population. By representing the regulatory processes controlling nutri-
ent uptake, and focusing on the relation between nutrient content and protein synthesis,
our model qualitatively replicates existing experimental observations for nutrient con-
tent and ratios. The population described by our model takes up nutrients in proportions10

that match the input ratios for a broad range of growth conditions. In addition, there are
two zones of single-nutrient limitation separated by a wide zone of co-limitation. Within
the co-limitation zone, a single point can be identified where nutrients are supplied in
an optimal ratio. The existence of a wide co-limitation zone affects the standard pic-
ture for species competing for nitrogen and phosphorus, which shows here a much15

richer pattern. However, additional comprehensive laboratory experiments are needed
to test our predictions. Our model contributes to the understanding of the global cycles
of oceanic nitrogen and phosphorus, as well as the elemental ratios of these nutrients
in phytoplankton populations.

1 Introduction20

Marine phytoplankton take up and assimilate inorganic nutrients, thereby altering nu-
trient ratios in the ocean. Phytoplankton stoichiometry is, in turn, influenced by envi-
ronmental factors, as individual cells can regulate their element ratios in response to
changes in growth conditions (Rhee, 1978; Goldman et al., 1979). This regulatory ca-
pability is controlled by the cell’s physiological response traits and, therefore, by evolu-25

tion. Consequently, species are characterized by different stoichiometries (Geider and
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La Roche, 2002; Klausmeier et al., 2004a), which may contribute to the maintenance of
oceanic biodiversity (Göthlich and Oschlies, 2012). Thus, the mechanisms underlying
phytoplankton ratios of important elements such as carbon, nitrogen and phosphorus
are essential for understanding the biogeochemical cycles of these nutrients, and their
role in shaping phytoplankton community composition.5

Previous laboratory work has focused mainly on the response of cellular contents
and stoichiometry to changes in (i) nitrogen and phosphorus inputs and (ii) dilution
rates, in continuous cultures (see Fig. 1 and Tables 1 and 2). All this experimental work
agrees on some important phenomenology; however, the multitude of different species
and environmental conditions used in experiments has led to a lack of consensus with10

respect to some trends (e.g. phosphorus quota vs dilution rate, Fig. 1c) or, especially,
the specific shape of the functional dependence. This has, in consequence, limited the
ability of those experiments to give generalized answers to fundamental questions. For
instance, how do the cell contents of the different nutrients (or quotas) interact with each
other, and how does that feedback influence growth and stoichiometry regulation? How15

do the answers to the previous questions affect the condition(s) under which growth is
limited by multiple nutrients, and the competitive abilities of the cell?

Theorists have developed models intended to reproduce experimental results and
identify controls on phytoplankton stoichiometry. In accordance with early experiments
(Droop, 1968; Rhee, 1978; Terry et al., 1985), one group of models assumes that20

growth rate, µ, depends exclusively on the most limiting nutrient (Liebig’s law) follow-
ing a hyperbolic function f (Droop’s law): µ = min(f (N), f (P)) (Fig. 2a). These “threshold
models” impose, thus, a single functional form f for the growth rate that depends ex-
clusively on whichever nutrient limits growth (Legović and Cruzado, 1997; Klausmeier
et al., 2004a,b, 2007). In consequence, models following this approach predict a sym-25

metric response of the nitrogen and phosphorus quotas to changes in the dilution rate
of simulated chemostats (see Fig. 2b). However, a different trend (i.e. asymmetry) for
the quotas has been observed in some experiments (Fig. 1b, c) (Elrifi and Turpin,
1985). To reproduce this trend, some threshold models impose interdependency of the

3243

http://www.biogeosciences-discuss.net
http://www.biogeosciences-discuss.net/10/3241/2013/bgd-10-3241-2013-print.pdf
http://www.biogeosciences-discuss.net/10/3241/2013/bgd-10-3241-2013-discussion.html
http://creativecommons.org/licenses/by/3.0/


BGD
10, 3241–3279, 2013

A model for variable
phytoplankton
stoichiometry

J. A. Bonachela et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

nutrient contents by using phenomenological expressions that assume that the acquisi-
tion of one nutrient is limited by the other nutrient (Roelke et al., 1999; Bougaran et al.,
2010). A second group of models also assumes biochemical independence of the nu-
trients and a common functional form for the response of growth to each nutrient quota;
however, growth depends on the product of those functions (e.g. µ = f (N)f (P)), allow-5

ing for limitation by multiple nutrients (Terry, 1982; Saito et al., 2008). A last group of
models avoids assumptions about the functional dependence of growth rate on quotas
by following a more mechanistic approach. In these models, equations account for es-
sential physiological processes through growth, uptake or respiration terms. This group
includes simple models devised to reproduce both marine and terrestrial plant behav-10

ior (Ågren, 2004), as well as more sophisticated ones able to replicate experimental
results from different phytoplankton strains (Pahlow and Oschlies, 2009). The latter ex-
ample, however, assumes optimal nutrient uptake conditions (Smith and Yamanaka,
2007), which implicitly imposes an evolutionary strategy for the phytoplankton species
that yields a fitness maximum, regardless of changes in environmental or predatory15

pressures. Furthermore, this model also makes use of expressions that impose quota
interactions at the level of nutrient uptake and instantaneous cell acclimation.

These modeling efforts to introduce a dependence of nutrient uptake on cell quotas
acknowledge the well-documented importance of protein regulation in determining cell
nutrient content. For example, phytoplankton show changes in the number of nutrient-20

uptake proteins according to the environmental nutrient concentration (McCarthy and
Goldman, 1979; Gotham and Rhee, 1981a,b), which ultimately can be translated into
a cell quota dependence for uptake proteins (Morel, 1987). Thus, the different resource
allocation strategies followed by the cell to perform this regulation influence crucially
its stoichiometry. Conversely, the response capacity of the cell is determined by the25

phosphorus cell content, which is required for ribosomes (P-rich molecules) in order to
synthesize uptake proteins. Thus, accounting for this feedback between resource allo-
cation/protein regulation and nutrient content is essential for predicting phytoplankton
stoichiometry.
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The models above have included resource allocation in different ways. Klausmeier
et al., for instance, discern between uptake and assembly machineries; that is, pro-
tein/chloroplasts and ribosomes, respectively (Klausmeier et al., 2004a). This model
imposes a fixed stoichiometry for each of these types, and allows the cell to allocate
resources as constrained by a trade-off between uptake and assembly. A similar func-5

tional distinction is made in (Pahlow and Oschlies, 2009), although the stoichiometry
and trade-off between the different functional machinery is less constrained. Although
existing models are able to replicate most of the patterns summarized in Fig. 1 and
Tables 1 and 2, the use of prescribed phenomenological forms for growth or quota in-
teractions limits their potential to study the feedback between quotas, cell growth, and10

stoichiometry.
In this paper, we aim to improve our understanding of how species stoichiometry

emerges from the interplay between environment and cell physiology (and, ultimately,
evolution). To this end, we use recent theoretical advances in the relation between nu-
trient uptake and cellular allocation patterns to build a theoretical model that, in contrast15

to previous models, incorporates the key dependence between dynamic uptake-protein
regulation and nutrient availability. We avoid the use of optimality assumptions or im-
posing explicit dependencies between quotas, uptake and growth, by using simple ex-
pressions representing plausible physiological mechanisms such as protein regulation.
Thus, our model describes phytoplankton cells for which protein regulation (and hence20

cell stoichiometry and growth) is determined by the nutritional history of the cell. This
regulation allows for a dynamic acclimation to nutrient variability by altering the number
of uptake proteins. We first examine the ability of the model to reproduce qualitatively
the existing experimental data. We then explore the conditions under which nitrogen
or phosphorus limit (or co-limit) phytoplankton growth, and speculate on how the clas-25

sic predictions of resource competition theory are affected by the resulting interactions
between nitrogen and phosphorus in our model. Finally, we propose an experimental
setup able to verify the theoretical hypotheses presented here.
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2 Methods

Our model is composed of dynamic equations for the population content of organic car-
bon, C, nitrogen, N, and phosphorus, P. Positive terms describe the basic processes
contributing to increases in population levels of the considered elements, and negative
terms account for the decreases. Regulation of protein production is the key mech-5

anism underlying the dynamics of the population, including explicit equations for the
regulation of nutrient uptake proteins. This regulation is controlled by two master func-
tions: a function F that represents the protein synthesis and the cues that influence
it; and a function G that accounts for the availability of ribosomes to carry out that
synthesis.10

We consider chemostat conditions, which allows the system to reach steady state
as cells are washed out during the dilution process. We use these continuous culture
conditions for the sake of simplicity, as this facilitates a better comparison with existing
experimental and theoretical work; nonetheless, the model and results can be easily
extended to other environmental conditions.15

(i) Equations for organic nitrogen and phosphorus: Population N and P increase at
a rate VN and VP, respectively, due to nutrient uptake, and decrease due to the washout
or dilution process of the chemostat (at a rate w) or through other losses, such as
leakage, at rates RN and RP, respectively:

dN
dt

= VN(t)− (RN +w)N(t), (1)20

dP
dt

= VP(t)− (RP +w)P(t). (2)
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The population uptake rate for the different nutrients is given by:

VN(t) =
VmaxN

(t) [N]

[N]+ K̃N

B(t), (3)

VP(t) =
VmaxP

(t) [P]

[P]+ K̃P

B(t), (4)

(see symbols and units in Table 3). B is the number of cells in the population, Vmax is5

the maximum uptake rate of a cell, and K̃ is an effective form for the half-saturation
constant accounting for a boundary layer in which the local nutrient concentration is
smaller than the bulk nutrient concentration (Pasciak and Gavis, 1974; Mierle, 1985)
(see derivation in, e.g. Armstrong, 2008; Bonachela et al., 2011):

K̃N(t) = KN

(
1+

VmaxN
(t)

4πDNrcKN

)
, (5)10

K̃P(t) = KP

(
1+

VmaxP
(t)

4πDPrcKP

)
, (6)

where KN and KP are the standard half-saturation constants associated with the uptake
of N and P, respectively, DN and DP are the diffusivity of nitrogen and phosphorus in
the medium, respectively, and rc is the cell radius. Note that the maximum uptake15

rate is proportional to the total number of uptake proteins that the cell accumulates
at its surface (see Appendix). As explained below, that number changes according to
environmental conditions. These variations entail changes in K̃ , which accounts for
the observed differences in the half-saturation constant of single species subject to
variations in environmental nutrient concentrations (Pasciak and Gavis, 1974)1.20

1Also note that this expression predicts improved uptake abilities for small cells when it is
formulated in terms of a normalized maximum uptake rate, Vmax/r

2
c (Armstrong, 2008).
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(ii) Equations for the number of uptake proteins: in our model, phytoplankton are
able to regulate the number of proteins, n, they allocate for the uptake of the different
nutrients. The cell’s content of the nutrient (or quota, Q) is the key factor controlling this
regulatory process (Morel, 1987; Song and Ward, 2007; Flynn, 2008). As documented
in experimental work for the uptake of a single nutrient (either nitrogen or phosphorus),5

a population shows an increased number of uptake proteins (or population Vmax) when
the quota is low, compensating for low uptake rates, and a lower Vmax when the nutri-
ent is abundant (McCarthy and Goldman, 1979; Gotham and Rhee, 1981a,b; Riegman
and Mur, 1984; Dyhrman and Palenik, 2001). Thus, in oligotrophic conditions the cell
allocates more uptake proteins in order to increase its absorbing area and, therefore,10

the probability of a successful encounter between the scarce nutrient ions and the pro-
tein at the cell membrane; on the other hand, the cell may down-regulate the synthesis
of these proteins when the internal concentration of the nutrient reaches the storage
maximum Qmax in order to decrease biosynthesis and maintenance costs. This is even-
tually translated into an effective increase in affinity under oligotrophic conditions, and15

a decrease in eutrophic environments (Bonachela et al., 2011). This mechanism can
be encoded in a simple way by using the “protein expression” function, F , given by
(Bonachela et al., 2011):

F
(

Qmax −Q
Qmax −Qmin

)
=

2

1+e−kF
Qmax−Q

Qmax−Qmin

−1, (7)

where kF is a free parameter controlling the shape of the function and Qmin is the min-20

imum amount of nutrient required for the cell to grow. We use here a generic sigmoid
function, which is motivated by the identification of F with processes involving gene ex-
pression – traditionally represented by Hill (sigmoid) functions (Alon, 2007); however,
any other normalized function of similar trend does not alter the qualitative behavior of
the model (Bonachela et al., 2011). In addition, it is possible to add other (competing)25

strategies to the regulation, such as up-regulation of protein synthesis when uptake
activity is high and down-regulation when it is low. As justified in (Bonachela et al.,

3248

http://www.biogeosciences-discuss.net
http://www.biogeosciences-discuss.net/10/3241/2013/bgd-10-3241-2013-print.pdf
http://www.biogeosciences-discuss.net/10/3241/2013/bgd-10-3241-2013-discussion.html
http://creativecommons.org/licenses/by/3.0/


BGD
10, 3241–3279, 2013

A model for variable
phytoplankton
stoichiometry

J. A. Bonachela et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

2011), these modifications do not alter the qualitative behavior of the number of uptake
proteins. In order to constrain uptake protein synthesis when nutrient levels drop below
growth minimum requirements, we also impose the condition F = 0 when Q falls below
Qmin

2.
Likewise, our model represents a dependence of protein expression on phosphorus:5

as explained above, phosphorus is a major component of ribosomes, essential for the
synthesis of any kind of protein, and also required in ATP, ADP and other forms of
energy storage for the cell (see Sterner and Elser, 2002, or discussion in Geider and
La Roche, 2002; Bougaran et al., 2010 and references therein). Thus, we include the
“protein repression” function, G, which is strictly a function of the internal phosphorus10

content of the cell, QP:

G

(
QP −QPmin

QPmax
−QPmin

)
=

1

1+e
−kG,1

(
QP−QPmin

QPmax−QPmin
−kG,2

) , (8)

where kG,1 and kG,2 are shape factors that help establish the range and boundaries
of the function. The lower the content of phosphorus, the stronger the influence of the
function on the regulation of the synthesis of proteins. Note that the repression function15

depends only on QP because we assume that phosphorus (through ribosomal RNA)
is the ultimate limiting nutrient for the synthesis of proteins in our model. Any cellular
nitrogen will be allocated to proteins as long as QN is above the minimum required to
grow, QNmin

.
As a last constraint, we account for the physical impossibility for the cell to accumu-20

late on its surface more uptake proteins than allowed by the available space. Thus, we
introduce in the equations for both n a Heaviside function, H , that depends on the ratio
of absorbing area to total area, Arel (see Appendix for mathematical definitions). This

2As commented in Results, however, this limit is never reached in simulations, and quotas
reach larger effective extreme values instead.
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constraint also introduces an effective competition between the N-uptake and P-uptake
machinery for space at the membrane.

If we take into account the contribution of all the factors above, the equations for the
number of uptake sites are:

dnN

dt
= νN H (1−Arel(t))F

(
QNmax

−QN(t)

QNmax
−QNmin

)
G

(
QP(t)−QPmin

QPmax
−QPmin

)
B(t)−wnN(t), (9)5

dnP

dt
= νP H (1−Arel(t))F

(
QPmax

−QP(t)

QPmax
−QPmin

)
G

(
QP(t)−QPmin

QPmax
−QPmin

)
B(t)−wnP(t), (10)

where νX is the maximum number of proteins for the uptake of nutrient X that a cell can
synthesize per unit time (see Appendix). Because the change in n with time depends
on the quotas, the maximum uptake rate at any time depends on the nutritional history10

of the cell.
Figure 3 shows the dependence of these equations on the quotas of the different

nutrients. The use of the expression and repression functions imposes the allocation
strategy of the cell under nutrient limitation. When nitrogen is scarce and the cell is
N-limited, the cell prioritizes the synthesis of N-uptake proteins in order to increase QN15

and, ultimately, increase growth (see below). Only when the N-quota falls below the
survival threshold of the minimum quota, QNmin

, does the cell down-regulate N-protein
synthesis. Quotas below QNmin

result in decreasing uptake and growth rates and, ulti-
mately, starvation. On the other hand, phosphorus is the key regulator of biosynthesis
due to its role in ribosomes and energy reserves; therefore, P scarcity entails a stronger20

limitation on the synthesis of proteins, even for quotas above the minimum. Conversely,
luxury consumption of a nutrient leads to the down-regulation of the synthesis of its up-
take proteins, with cell growth being limited only by the availability of the reciprocal
nutrient. Note that the different dependencies of nN and nP on the quotas break the
symmetry expected a priori from Eqs. (1)–(6) for N and P.25
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(iii) Equation for Organic Carbon: the dynamics of the population organic carbon
takes into account a photosynthetic term (only source of organic C), maintenance costs
and the loss due to dilution:

dC
dt

=

[
PmaxF

(
QN(t)−QNmin

QNmax
−QNmin

)
G

(
QP(t)−QPmin

QPmax
−QPmin

)
−MC

(
VN(t)

N(t)
+
VP(t)

P(t)

)
−RC −w

]
C(t),

(11)5

where Pmax represents the maximum photosynthetic rate, MC is a maintenance rate
and RC a respiration rate. The first term accounts for the synthesis of photosynthetic
proteins. Following e.g. (Geider et al., 1998), nitrogen quota plays a main role in the
photosynthetic rate because chloroplasts are protein- (i.e. nitrogen-) rich. In our model,
the protein expression and repression functions regulate photosynthesis; in the case10

of photosynthetic proteins (e.g. RuBisCO), both F and G increase with the internal
content of the nutrient in the cell, as large internal levels of N and P are a proxy for
favorable growth conditions (see Fig. 4a). The second term accounts for the mainte-
nance cost associated with uptake proteins, cost represented by the nutrient-specific
uptake rate3. The third term accounts for the respiration rate related to the rest of the15

cell metabolism, and the last term is the mortality or dilution term. The use of a con-
stant Pmax or a linear respiration term is the consequence of simplification, assuming
constant and ideal irradiance and temperature conditions for photosynthesis. This rep-
resentation of C acquisition contrasts with the explicit terms for nutrient uptake consid-
ered in all the equations above. Thus, our model focuses on nutrient acquisition as the20

main regulator of the population stoichiometry.
The per-capita rate of change for carbon in the population is used to calculate the

growth rate, µ = 1
C

dC
dt +w. Consequently, the organic carbon per cell in the population

3Note that both VX and QX – and, therefore, X itself – are increasing functions of the growth
rate, with QX ∈ [Qeff

Xmin
,Qeff

Xmax
] and VX ∈ [0,V lo

max] (see Sect. 3). Thus, the maintenance term is well

defined into [0,V lo
max/Q

eff
Xmax

].
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remains fixed. This allows us to track the number of cells in the population:

dB
dt

= (µ(t)−w) B(t) (12)

and, therefore, to switch from a population-dynamics to a biomass-dynamics approach
when required. In this paper, we use Eq. (11) only to calculate the growth rate of the
population, and focus on B(t) to characterize its abundance. Thus, the behaviors of5

QN = N/B and QP = P/B are qualitatively similar to those of N/C and P/C, respec-
tively.

(iv) Equations for Inorganic Nitrogen and Phosphorus: to monitor changes in the
inorganic nutrients present in the chemostat, we take into account the inflow of fresh
nutrient (the only positive term in the equations), the outflow due to dilution, and the10

consumption of the nutrient by the population through the uptake term:

d[N]

dt
= w ([N0]− [N])− VN(t), (13)

d[P]

dt
= w ([P0]− [P])− VP(t), (14)

where [N0] and [P0] are the concentrations of nutrient in the fresh medium that enter15

the vessel at the dilution rate.
A graphical summary of the physiological processes and interactions considered in

the model can be found in Fig. 4b.
(v) Simulation Set-Up: we varied the input ratio, [N0] : [P0], and the dilution rate, w, of

the chemostat in simulations to study the reaction of phytoplankton to changes in envi-20

ronmental conditions that may alter nutrient availability. We explored the consequences
for phytoplankton stoichiometry by integrating numerically the dynamic equations of the
population-level model, Eqs. (1)–(14). Although the model is applicable to any phyto-
plankton strain, for the sake of concreteness we used data available in the literature to
parametrize our population in accordance with a generic Synechococcus species (see25
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actual values in Table 3). For each pair of (w, [N0] : [P0]), we let the system reach sta-
tionary state and calculated different observables such as the number of cells, uptake
and growth rates, or nutrient content of the population. We modified the input ratio by
altering one nutrient input concentration while fixing the other. This procedure allowed
us to compare the qualitative behavior of the model with most of the available experi-5

mental and theoretical work. Following (Rhee, 1978), we fixed [P0] and varied [N0] in
our analysis.

3 Results

We first explore the behavior of the per-capita nutrient content (or quota, Q) of nitrogen
and phosphorus when the relative input concentration of the nutrients is varied. For low10

relative input nitrogen (i.e. low [N0] : [P0]) QN remains fixed at low value that depends
on the dilution rate of the chemostat, while phosphorus reaches saturating levels in the
cell (Fig. 5a). Cell growth is, then, limited solely by the availability of nitrogen, because
changes in the input ratio do not affect the stationary value of the quota of a nutrient
when it is the only limiting factor in the chemostat. As nitrogen input increases, popula-15

tion growth drives inorganic phosphorus to lower values. In consequence, phosphorus
becomes limiting as well, and the stationary value of QN grows with [N0] : [P0] until the
realized maximum storage capacity, Qeff

Nmax
, is reached. This effective maximum value

differs from QNmax
due to the presence of the loss rate RN and the down-regulation of

nN, which affect growth even for large concentrations of the nutrient (see Eq. 3 under20

stationary conditions). QP shows an analogous pattern as the relative phosphorus input
increases (i.e. [N0] : [P0] decreases).

Consequently, in the representation of QN against QP (Fig. 5b), zones of exclusive
limitation by nitrogen are characterized by the vertical sections of the curve, while zones
of exclusive limitation by phosphorus constitute the horizontal parts. For the rest of the25

points on the curve, cells are co-limited by both nutrients. The range of co-limitation
decreases as the dilution rate increases.
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In this broad zone of co-limitation (ranging from [N0 : P0] ∼ 20 to [N0 : P0] ∼ 70 for the
smallest w in Fig. 5), the population N : P matches the input ratio (Fig. 6a). Deviations
from this relationship occur at low input ratios because only nitrogen is limiting and QN
remains at its effective minimum for a given dilution rate whereas QP remains fixed at
its effective maximum value (Fig. 5a). The converse is true for low relative phosphorus5

ratios (high [N0] : [P0]). These deviation patterns are more pronounced as the dilution
rate increases. However, there is a single input ratio at which cells are able to incor-
porate both nutrients in a proportion that exactly matches the input ratio regardless of
the value of the dilution rate, resulting in the reduction of both inorganic nutrients to
very low concentrations. This is an optimal nutrient ratio, as the cell is able to draw10

down nutrients to low levels even at high dilution rates. The ratio at which this happens,
[N0] : [P0]opt, can be determined by representing (QN : QP)/ ([N0] : [P0]) against the in-
put ratio for different values of the dilution rate; all these curves intersect at the ordinate
1, with the abscissa corresponding to [N0] : [P0]|opt ∼ 26 in this example (Fig. 6b). This
optimal nutrient ratio coincides with the cell quota ratio during exponential growth, and15

can be calculated from its theoretical definition (see Appendix).
Variations in the dilution rate affect nitrogen and phosphorus quotas differently

(Fig. 7). QN is an increasing linear or convex function of the dilution rate, depending on
the limiting nutrient; on the other hand, QP is a more complicated function that shows
convexity when phosphorus is limiting and non-monotonicity otherwise, with a range20

of change wider than that of QN (Fig. 7a, b). This pattern translates into a growth rate
that, for any input ratio, increases as the quota of the limiting nutrient(s) increases, sat-
urating to a maximum value around µmax = µNmax

= µPmax
= 0.825±0.005 (Fig. 7c, d).

The projected quota at zero growth decreases with declining relative supply of each
nutrient, until reaching Qeff

min. On the other hand, the quota associated with maximum25

growth increases as the relative input of the corresponding nutrient increases, until it
reaches Qeff

max. The latter behavior is more marked in the case of phosphorus than for
nitrogen.
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We also determined the uptake rate of the limiting nutrient, which follows a hyper-
bolic functional form depending on the external nutrient concentration (see Fig. 8). The
maximum uptake rate equations, Eqs. (9) and (10), introduce a dependence of Vmax
on environmental conditions (Bonachela et al., 2011). More specifically, the stationary
value of Vmax for the limiting nutrient decreases as the dilution rate increases, reaching5

a lower plateau at dilution rates close to the maximum growth rate. At their minimum
values, V lo

maxN
∼ 2.2×10−14 molcell−1 d−1 and V lo

maxP
∼ 8.5×10−16 molcell−1 d−1. Thus, as

environmental conditions improve, the cell allocates more resources to growth and less
to uptake (see Eqs. 9–11, or Figs. 3 and 4a).

4 Discussion10

4.1 Model validation

If we aspire to understand the interactions between quotas and their effect on cell
growth and stoichiometry, our model must be able to predict realistic behavior with as
few assumptions as possible. Indeed, our model makes predictions that match quali-
tatively most of the phenomenology observed experimentally in phytoplankton popula-15

tions subject to changing input nutrient ratios or dilution rates. The behavior we observe
for the quotas, with QN increasing and QP decreasing with the input ratio (Fig. 5a) is
described in the early work by Rhee (Rhee, 1978) and Terry et al. (Terry et al., 1985),
although in those cases maximum storage limits (corresponding to upper parts of the
curves in Fig. 5a) were seemingly never reached. In our model, these effective max-20

imum (i.e. saturation) values for Q are reached as a result of the dynamic equation
for each nutrient’s uptake protein synthesis. This physiological range for the quotas
imposes limits on protein regulation (see Eqs. 9–11) and, ultimately, on the element
ratios. That is the case with the N : P ratio (Fig. 6a), for which plateaus at both the
upper and lower part of the curve are the result of the cell reaching its extreme quota25

values (Qeff
Nmax

and Qeff
Pmin

in the case of the upper plateau, and Qeff
Nmin

and Qeff
Pmax

for the
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lower one). This is analogous, for instance, to the situation described in Fig. 3 – com-
pilation of algal cultures – and Fig. 4 in (Hall et al., 2005) (see Fig. 1d). On the other
hand, our protein regulation mechanism causes an asymmetric reaction of phytoplank-
ton N and P to changes in dilution rate (Fig. 7a, b) through different dependencies of
Eqs. (9) and (10) (or dVmaxN

/dt and dVmaxP
/dt, respectively) on QN and QP (see Fig. 3).5

Asymmetry, observed repeatedly in experiments(Terry, 1982; Elrifi and Turpin, 1985),
is introduced in other models by using terms devised specifically to that end (see e.g.
Bougaran et al., 2010).

A last important experimental observation is the hyperbolic dependence of growth
on the limiting quotas (see Fig. 1 or corresponding references in Table 1). Imposed in10

threshold (Droop-like) models (Fig. 2a) (Klausmeier et al., 2004a,b, 2007; Bougaran
et al., 2010), this behavior is an emergent property of mechanistic approaches (see
(Pahlow and Oschlies, 2009) or Fig. 7c, d). Thus, in each zone of single limitation,
threshold models show growth curves that depend only on the nutrient quota and not
on the input ratio. Moreover, they impose µNmax

= µPmax
, in accordance with experiments15

(Rhee, 1978; Elrifi and Turpin, 1985). In our case, (also expected from Pahlow and
Oschlies, 2009), there are marked differences between the single-limitation and co-
limitation zones: in the single-limitation zones we observe a threshold-like behavior, in
which the growth rate curve depends only on the (non-saturated) quota, and different
input ratio curves collapse to a single curve ([N0] : [P0] < 16 in Fig. 7c and [N0] : [P0] >20

60 in Fig. 7d); in the zone of co-limitation, however, the growth rate depends on both
quotas, and the curves change with the value of the input ratio (rest of [N0] : [P0] in
Fig. 7c, d). The equality of µNmax

and µPmax
results from the dynamics of our model,

as do the specific values of µNmax
, µPmax

, V lo
maxN

, and V lo
maxP

. These values, contrarily to
other models, are not imposed a priori in our case; furthermore, they are in reasonable25

agreement with static maximum uptake rates measured for Synechococcus (Healey,
1985).

3256

http://www.biogeosciences-discuss.net
http://www.biogeosciences-discuss.net/10/3241/2013/bgd-10-3241-2013-print.pdf
http://www.biogeosciences-discuss.net/10/3241/2013/bgd-10-3241-2013-discussion.html
http://creativecommons.org/licenses/by/3.0/


BGD
10, 3241–3279, 2013

A model for variable
phytoplankton
stoichiometry

J. A. Bonachela et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

4.2 Quota interactions

In addition to replicating empirical findings, our model approaches cell quota interac-
tions differently from other models. The interplay between quotas is a key determinant
of phytoplankton stoichiometry, as it decides the response of cells to changes in the en-
vironment and, ultimately, cellular elemental ratios. Most other models introduce quota5

interactions through phenomenological expressions relating VmaxN
and VmaxP

to cell
quotas. They impose either an independent limitation (see “dynamic uptake version”
in Klausmeier et al., 2004b), or different kinds of cross-limitations (Bougaran et al.,
2010; Pahlow and Oschlies, 2009). These expressions assume a direct and instanta-
neous dependence of maximum uptake rates on nutrient quotas. However, there is no10

known physiological mechanism by which a cell can instantaneously change its uptake
potential. Instead, such adjustments occur through allocation processes that alter the
synthesis and degradation rates for uptake proteins (Caperon, 1969; Song and Ward,
2007; Klausmeier et al., 2007). We capture these allocation strategies in our model by
allowing nutrient quotas to determine the production rate of uptake sites (Eqs. 9–10)15

rather than the standing pool of uptake sites (which is proportional to Vmax). Thus, our
model uses the quotas to specify how cellular resources are allocated to N versus P
acquisition.

Therefore, nutrient interactions result in our model from the role of each quota in the
expression and repression functions. We avoid imposing phenomenological expres-20

sions by constructing these regulatory functions from simple biological arguments. Both
F and G encode the physiological responses triggered by changes in the quota of the
different nutrients, which determine the rates of resource acquisition for the cell through
photosynthesis and nutrient uptake4. Equations (9) and (10) adjust the uptake strategy
by altering the production of uptake proteins in the cell, which allows for representation25

4Moreover, the opposite response of the regulating functions to quota changes introduce
a trade-off between these two processes (see Figs. 3 and 4a), as well as a trade-off between
the uptake of the two nutrients evidenced by Fig. 5b.
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of lags in cellular responses. These simple but mechanistic dynamic equations confer
plasticity to the population, allowing it to adjust its stoichiometry in a changing envi-
ronment. Moreover, we avoid using assumptions about the optimal character of uptake
or growth (Klausmeier et al., 2004b, 2007; Smith and Yamanaka, 2007; Pahlow and
Oschlies, 2009), thus setting phytoplankton cells in a less-constrained evolutionary5

context at the expense of a larger parameter space.
Models that, on the contrary, assume no interaction between nutrients show a sharp

transition between nitrogen and phosphorus limitation, with a single co-limitation point
given by [N0] : [P0]|opt (Fig. 2d) (Tilman, 1982). Based on Droop’s law, that constant
value equals QNmin

/QPmin
(Rhee and Gotham, 1980; Klausmeier et al., 2007). For cells10

described by our model, nitrogen and phosphorus are “interacting essential resources”
(Tilman, 1982), showing single-limitation zones but also a wide range for co-limitation
(Fig. 5). Consequently, scarcity in one nutrient can be partially compensated for by
an increased concentration of the other nutrient (Tilman, 1982). Moreover, this co-
limitation range depends in our model on the environmental conditions (see Fig. 6a).15

Experimental work has reported a dependence of co-limitation on the environment,
particularly the dilution rate (Kunikane et al., 1984; Elrifi and Turpin, 1985; Terry et al.,
1985) and irradiance (Healey, 1985). In addition, our model predicts that the optimal
ratio, a specific point in the co-limitation region, is [N0] : [P0]|opt =Qeff

Nmax
/Qeff

Pmax
(see Ap-

pendix). The latter expression, shared by the model in (Pahlow and Oschlies, 2009), is20

not based on any imposed form for the growth rate, and matches the theoretical defini-
tion of the optimal ratio introduced in the Results section (ratio shown by the cell during
exponential growth). Furthermore, note that the optimal ratio is far from being related
to the Redfield ratio (N : P=16) (Klausmeier et al., 2004a), which in our model is just
one more point in the co-limitation zone.25

3258

http://www.biogeosciences-discuss.net
http://www.biogeosciences-discuss.net/10/3241/2013/bgd-10-3241-2013-print.pdf
http://www.biogeosciences-discuss.net/10/3241/2013/bgd-10-3241-2013-discussion.html
http://creativecommons.org/licenses/by/3.0/


BGD
10, 3241–3279, 2013

A model for variable
phytoplankton
stoichiometry

J. A. Bonachela et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

4.3 Implications of a broad co-limitation region

As explained in Tilman (1982), Rhee (1978), the outcome of competition between
species growing on two non-interacting essential resources depends on the relative dis-
tance between their respective co-limitation points. Let us consider the case of nitrogen
and phosphorus. When two species, A and B (with single transition points (N : P)optA

5

and (N : P)optB
, respectively), are placed in the same chemostat and these nutrients are

considered perfectly essential (like in threshold models), the theoretical outcome can
be determined using the distance of each species’ stoichiometric ratio from its respec-
tive optimum, ∆ = [(N : P)opt− (N : P)]/(N : P)opt. If ∆A and ∆B have different signs, each
species will be limited by different nutrients and co-existence is possible (see Fig. 9a). If10

both have the same sign, the species that is closer to its optimum ratio (i.e. with smaller
|∆|) will, in principle, out-compete the other.

As an important consequence of Fig. 5b, we speculate that a wide region of co-
limitation will affect the predicted outcome of phytoplankton species competition. In-
deed, the potential outcome in our model is more complicated (Fig. 9b). Opportunities15

for co-existence do still depend on the competing species being limited by reciprocal
nutrients (i.e. different sign for their ∆). ∆ is still important because it indicates which
nutrient is more influential to the growth of each species. However, the input ratio at
which the quota of a nutrient reaches its maximum (i.e. saturation) is also important,
because it determines the zone where the cell is limited exclusively by the recipro-20

cal nutrient. Co-limited phytoplankton have competitive advantage over those limited
by a single nutrient (Tilman, 1982). Thus, saturation points influence the outcome of
competition experiments in our model, introducing competitive exclusion in parts of the
diagram where threshold models predict co-existence (see shaded parts in Fig. 9).
Furthermore, in our model both consumption ability (or, ultimately, Vmax) and saturation25

points depend on environmental conditions and, thus, must be accounted for. This is
in contrast to descriptions in which nitrogen and phosphorus do not interact, for which
only the (fixed) optimal ratios of consumption rates are needed (Tilman, 1982).
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Thus, if real phytoplankton are co-limited by nutrients across a range of input ratios,
models featuring wide co-limitation zones (like ours or the one in Pahlow and Oschlies,
2009) will best describe competitive outcomes. Moreover, the cell plasticity included
in our description allows for predictions about species dominance and co-existence in
realistic, dynamic environments.5

4.4 Experimental test

New experiments are needed to confirm the relationship proposed here between quota
interactions, growth, uptake and, eventually, stoichiometry, as no clearly unequivocal
and comprehensive experimental evidence exists yet. Such an experimental setup
would use two phytoplankton strains, first studied independently and later in compe-10

tition experiments5. To ensure the observation of possible wide co-limitation zones,
species need to show broad quota ranges, which must be determined along with the
maximum values of growth and uptake rates. Next is the determination of the station-
ary values of the quotas when the input ratio is varied across a wide range of dilution
rates including values close to µmax. These experiments should give a clear picture15

of the different limitation zones, as well as an estimate of the optimal ratio for each
species (Figs. 5 and 6). If enough pairs (w, [N0] : [P0]) are explored, the behavior of the
populations with changes in the dilution rate can be also reconstructed (Figs. 7 and 8).
Complemented with, e.g. measurements of RNA, these experiments would suffice to
provide a clear picture of the cellular allocation strategies under different environmental20

conditions. As a last step, experiments can be performed where the two populations
compete in chemostats at one (or several) selected dilution rates, and for different input
nutrient ratios (see Fig. 9). The observation of exclusion in an a priori expected coexis-
tence zone would evidence the existence of a broad co-limitation region. On the other
hand, optimal ratios matching QNmin

/QPmin
and framing the co-existence regions would25

5In order to observe competition, one species must be more efficient at nitrogen uptake, and
less efficient at phosphorus uptake.
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confirm the classical hypothesis (Rhee, 1978). Thus, these competition experiments
serve to confirm the results of the experiments performed previously, and to alleviate
a possible lack of resolution in the exploration of the (w, [N0] : [P0]) space.

5 Conclusions

Phytoplankton stoichiometry is a dynamic characteristic of the cells. It is the result of5

the allocation strategy adopted by the organism under different environmental con-
ditions. Our model for phytoplankton stoichiometry focuses on protein regulation as
vehicle for cell acclimation to different environments. As nitrogen and phosphorus are
major regulators of protein synthesis, a correct description of the cell’s resource alloca-
tion is essential for our model. Considering allocation leads us to introduce the simple10

expression and repression functions, which not only allow for the dynamic regulation of
proteins but also introduce other essential features such as interactions between quo-
tas and with growth. In addition, they yield realistic predictions of important behaviors
for the cell. Nonetheless, our model represents a phytoplankton cell with a stoichio-
metric phenomenology more complicated than that inferred from the classic Redfield15

and Droop work, due to the plasticity of the cell in response to changing nutrient avail-
ability. However, the cell’s physiological ranges (e.g. maximum and minimum values of
the quotas), which are ultimately determined by evolutionary processes, constrain the
plasticity of the cell. Thus, cells are limited in their ability to match the stoichiometry
of their environment, especially during blooms (cells growing close to their maximum20

growth rate) or in cases of nutrient scarcity (vanishing cell growth). Moreover, our dy-
namic equations for the number of uptake proteins allow our model to predict how cells
respond to changes in the environment. Therefore, our model is suited to describe
more realistic situations in which competition occurs under changing ocean conditions,
for instance due to diurnal or seasonal variation. Our approach may thus help under-25

stand the biotic regulations of oceanic nitrogen and phosphorus, as well as the role of
stoichiometry in shaping phytoplankton communities. Nonetheless, the experimental
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test proposed here should be performed in order to further validate this model and
significantly advance knowledge of phytoplankton stoichiometry.

Appendix A

Deductions and definitions

The relationship between the number of proteins devoted to the uptake of nutrient X ,5

nX , and the maximum uptake rate for that nutrient, VXmax
, is easily obtained from the

deduction of the Michaelis–Menten functional form for the uptake rate (e.g. (Bonachela
et al., 2011)). The deduction, based on the analogy between the uptake process and
an enzymatic reaction, states that:

VXmax
(t) = k2X

nX (t)/(B(t) NA), (A1)10

where k2X
is the nutrient ion handling rate and NA is Avogadro’s number. The same

enzymatic analogy establishes that (Bonachela et al., 2011):

k2X
= 4DX rXKXNA, (A2)

where KX is the half-saturation constant for nutrient X , DX is its diffusivity in the medium
where it is dissolved, and rX is the radius of reactive part of the uptake protein (see15

Table 3 for units and values).
Thus, if νX is the maximum number of uptake proteins for nutrient X that the cell can

synthesize per unit time, the maximum change in VXmax
per unit time is given by:

ν̃X = 4DX rXKX νX . (A3)

The handling constant also plays a role in the determination of the total absorb-20

ing area for the cell and, therefore, in the ratio absorbing : total area. Assuming, for
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simplicity, that rN ∼ rP = rs:

Arel(t) =
(nN(t)/k2N

+nP(t)/k2P
)r2
s

4B(t) r2
c

, (A4)

which is the main argument of the “competition-for-space” term of Eqs. (9) and (10),
represented by the Heaviside function:

H(x) = 1 for x ≥ 0 (and 0 elsewhere). (A5)5

Deduction of the optimal ratio: at [N0] : [P0]|opt, the stationary concentrations of both
nutrients in the chemostat are negligible. Thus, from Eqs. (13) and (14), VN/VP =
[N0]/[P0]. On the other hand, the optimal ratio is the only point where this happens
even for the maximum value of the growth rate. At those growth rates, the cell quo-
tas reach their maximum values, and both VN and VP equal their respective maximum10

uptake rates, which in turn take their lower values, V lo
maxN

and V lo
maxP

. By using the station-
ary solution to Eqs. (3) and (4), and assuming loss rates much smaller than the dilution
rate (or, alternatively, RN ∼ RP), we find that [N0]/[P0]|opt = V lo

maxN
/V lo

maxP
=Qeff

Nmax
/Qeff

Pmax
.

In our case, Qeff
Nmax

/Qeff
Pmax

∼ 26, which is in accordance with the values deduced from
Fig. 6b.15
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Table 1. Trend (increasing, ↑, or decreasing, ↓, function) and shape reported in the literature
for the cell content (quota, Q) of nitrogen and phosphorus when the dilution rate w is varied in
laboratory experiments.

Plot Trend when N lim. Trend when P lim. Reference
(shape) (shape)

µ vs QX ↑ with QN ↑ with QP Rhee (1973); Gotham and Rhee (1981a,b);
(hyp.) (hyp.) Elrifi and Turpin (1985)

QN vs w ↑ ↑ Healey and Hendzel (1979); Terry (1982);
(line or curve) (curve) Kunikane et al. (1984); Terry et al. (1985);

Healey (1985); Elrifi and Turpin (1985)
QP vs w ↓ or no trend ↑ Goldman et al. (1979); Healey and Hendzel (1979);

(line or curve) (curve) Terry (1982); Kunikane et al. (1984); Healey (1985);
Terry et al. (1985); Elrifi and Turpin (1985)

QN : QP vs w ↑ or no trend ↓ Goldman et al. (1979); Healey and Hendzel (1979);
(curve) (line or curve) Terry (1982); Elrifi and Turpin (1985)
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Table 2. Trend and shape reported in experiments for Q when the input ratio [N0] : [P0] is varied.

Plot Trend (shape) Ref.

QN vs [N0] : [P0] Increasing (line or curve) Kunikane et al. (1984); Rhee (1978)
QP vs [N0] : [P0] Decreasing (curve) Kunikane et al. (1984); Rhee (1978)
QN : QP vs [N0] : [P0] Increasing (line) Klausmeier et al. (2004b), after Rhee (1978);

Hall et al. (2005)
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Table 3. List of variables and parameters used in this manuscript, representing a generic Syne-
chococcus strain – values collected from Healey (1985); Hense and Beckmann (2006); Ikeya
et al. (1997); Pahlow and Oschlies (2009); Flynn et al. (2010). For reasoning on the value (or
deduction) of the remaining parameters, see text or (Bonachela et al., 2011).

Symbol a.k.a. Units Value

[N] Dissolved Inorganic Nitrogen Concentration molL−1 Variable
[P] Dissolved Inorganic Phosphorus Concentration molL−1 Variable
[N0] Dissolved Inorganic Nitrogen Supply Concentration molL−1 15−−240×10−6

[P0] Dissolved Inorganic Phosphorus Supply Concentration molL−1 3×10−6

DN Nitrogen Diffusion Constant in Water m2 d−1 1.296×10−4

DP Phosphorus Diffusion Constant in Water m2 d−1 8.64×10−5

w Chemostat Dilution Rate d−1 0.01−−0.825
C Population (Organic) Carbon Concentration molL−1 Variable
N Population (Organic) Nitrogen Concentration molL−1 Variable
P Population (Organic) Phosphorus Concentration molL−1 Variable
B Number of Cells in Chemostat cells Variable
µ Population Growth Rate d−1 Variable
µmax Maximum Population Growth Rate d−1 Emergent
VN Population N-Uptake Rate mol L−1 d−1 Variable
VP Population P-Uptake Rate mol L−1 d−1 Variable
VmaxN

Maximum cell N-Uptake Rate mol cell−1 d−1 Variable
VmaxP

Maximum cell P-Uptake Rate mol cell−1 d−1 Variable
V lo

maxN
Minimum value for max. N-Uptake Rate mol cell−1 d−1 Emergent

V lo
maxP

Minimum value for max. P-Uptake Rate mol cell−1 d−1 Emergent
KN Half-Saturation Constant for N molL−1 0.3×10−6

KP Half-Saturation Constant for P molL−1 10×10−9

K̃N Effective Half-Saturation Constant for N molL−1 Variable
K̃P Effective Half-Saturation Constant for P molL−1 Variable
QN Nitrogen Cell Quota mol cell−1 Variable
QP Phosphorus Cell Quota mol cell−1 Variable
QNmax

Maximum N Quota mol cell−1 2.15×10−14

QNmin
Minimum N Quota mol cell−1 6.14×10−15

QPmax
Maximum P Quota mol cell−1 8.23×10−16

QPmin
Minimum P Quota mol cell−1 1.11×10−16

QC Carbon Content per Cell mol cell−1 8.33×10−14

k2N
Handling Rate for N d−1 From Eq. (A2)

k2P
Handling Rate for P d−1 From Eq. (A2)

νN Max. N-uptake Sites Synthesis Rate sites cell−1 d−1 104

νP Max. P-uptake Sites Synthesis Rate sites cell−1 d−1 104

ν̃N Max. Change of VmaxN
per Unit Time mol cel l−1 d−2 From Eq. (A3)

ν̃P Max. Change of VmaxP
per Unit Time mol cel l−1 d−2 From Eq. (A3)

Arel Ratio Absorbing:Total Area − Variable
rc Cell Radius m 0.82×10−6

rs Uptake Site Radius m 2.5×10−9

Pmax Maximum Photosynthetic Rate d−1 5
MC Uptake Maintenance Cost − 2
RC Respiration Cost d−1 0
RN Loss Rate d−1 0.2
RP Loss Rate d−1 0.2
F Protein Expression Function − Variable
G Protein Repression Function − Variable
H Heaviside (or Step) Function − Variable
kF Sigmoid Slope Parameter for F − 5
kG,1 Sigmoid Slope Parameter for G − 20
kG,2 Sigmoid Shift Parameter for G − 0.25
NA Avogadro Number Units mol−1 6.02×1023
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Fig. 1. Patterns for growth rate µ and quotas Q observed in the experimental literature (see tables 1 and 2). In panels a) to c), when
the behavior observed under N limitation is different from that under P limitation, two colors and line style are used, with green
dashed lines indicating phosphorus limitation. a) Saturating form for the growth rate dependence on limiting nutrients. b) and c)
Dependence of the quotas on dilution rate, with asymmetric behavior for N limitation. d) Response of phytoplankton N :P ratio to
changes in the input ratio; the black line represents N :P=[N0]:[P0]. See tables 1 and 2 for references.

14

Fig. 1. Patterns for growth rate µ and quotas Q observed in the experimental literature (see
Tables 1 and 2). In panels a to c, when the behavior observed under N limitation is different from
that under P limitation, two colors and line style are used, with green dashed lines indicating
phosphorus limitation. (a) Saturating form for the growth rate dependence on limiting nutrients.
(b) And (c) dependence of the quotas on dilution rate, with asymmetric behavior for N limitation.
(d) Response of phytoplankton N : P ratio to changes in the input ratio; the black line represents
N : P=[N0] : [P0]. See Tables 1 and 2 for references.
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Fig. 2. Curves for growth rate µ, quotas Q, and N :P ratio obtained with a threshold model (Klausmeier et al., 2004b). a) The
growth rate depends only on QX in the X-limited regime, and the shape of the function (hyperbolic) does not depend on which
element is limiting. b) The use of an identical functional form for the dependence of growth on the limiting quota facilitates a similar
behavior for QN and QP (symmetry between N and P quotas). c) Phytoplankton N :P equals [N0]:[P0] only when the growth
rate is far from its maximum (small dilution rates). d) Both nitrogen and phosphorus are essential resources, and as a consequence
co-limitation is reached only at one point: the optimal ratio. For the parametrization used here, which corresponds to Scenedesmus
sp., this point is [N0]:[P0]|opt =27.7.
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Fig. 2. Curves for growth rate µ, quotas Q, and N : P ratio obtained with a threshold model
(Klausmeier et al., 2004b). (a) The growth rate depends only on QX in the X -limited regime, and
the shape of the function (hyperbolic) does not depend on which element is limiting. (b) The
use of an identical functional form for the dependence of growth on the limiting quota facili-
tates a similar behavior for QN and QP (symmetry between N and P quotas). (c) Phytoplankton
N : P equals [N0] : [P0] only when the growth rate is far from its maximum (small dilution rates).
(d) Both nitrogen and phosphorus are essential resources, and as a consequence co-limitation
is reached only at one point: the optimal ratio. For the parametrization used here, which corre-
sponds to Scenedesmus sp., this point is [N0] : [P0]|opt = 27.7.
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describing the different physiological processes in the model:
Inorganic nutrients ([N ] and [P ]) are taken up at rates VN and
VP , respectively, and assimilated as quotas, QN and QP . Quo-
tas are the main influential factor for the synthesis of uptake
and photosynthetic proteins, through the expression and repres-
sion functions, F and G. Photosynthetic proteins participate
through photosynthesis in cell growth, which is also affected
by the expenditure in the maintenance of the different appara-
tuses. In this model, we mainly consider uptake costs, through
the terms VN/N and VP /P . Finally, changes in the number
of uptake proteins (i.e. in Vmax) influence the uptake of the
corresponding nutrient. See text for further details.
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Fig. 4. (a) Dependence of the photosynthetic term on the N and P quotas, summarized here by

Photo(QN,QP) = F
( QN(t)−QNmin

QNmax
−QNmin

)
G
( QP(t)−QPmin

QPmax
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)
. (b) Flow diagram describing the different phys-

iological processes in the model: Inorganic nutrients ([N] and [P]) are taken up at rates VN and
VP, respectively, and assimilated as quotas, QN and QP. Quotas are the main influential factor
for the synthesis of uptake and photosynthetic proteins, through the expression and repression
functions, F and G. Photosynthetic proteins participate through photosynthesis in cell growth,
which is also affected by the expenditure in the maintenance of the different apparatuses. In this
model, we mainly consider uptake costs, through the terms VN/N and VP/P. Finally, changes in
the number of uptake proteins (i.e. in Vmax) influence the uptake of the corresponding nutrient.
See text for further details.
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different dilution rates; single-limitation zones show constant
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Synechococcus parametrization used here, [N0]/[P0]opt ∼ 26.
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Fig. 5. Variation of N quota (main panel in a) and P quota (inset in panel a) with the supply ratio,
for different values of the dilution rate. Effective maximum quota values are shown as dashed
lines. (b) Phosphorus quota versus nitrogen quota for different dilution rates; single-limitation
zones show constant values for the quota of the limiting nutrient.
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Fig. 6. (a) N : P ratio for the cell as a function of the nutrient supply ratio for different chemostat
dilution rates. (b) Identification of the optimal ratio as the input ratio for which the cell takes up
nutrients at the supply ratio for any dilution rate; for the generic Synechococcus parametrization
used here, [N0] : [P0]opt ∼ 26.
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Fig. 7. Upper row: Variation of the nitrogen and phosphorus quotas with dilution rate (dashed line: maximum effective values).
a) QN shows linear behavior or convexity for the different input ratios; for very high ratios, the quota saturates at its maximum
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Fig. 7. Upper row: variation of the nitrogen and phosphorus quotas with dilution rate (dashed line: maximum effective
values). (a) QN shows linear behavior or convexity for the different input ratios; for very high ratios, the quota satu-
rates at its maximum value. (b) QP shows a similar behavior, but non-monotonicity is also possible for high relative
phosphorus concentrations (low input ratio); that is the case of the [N0] : [P0] = 16 curve at high dilution rates, al-
though the parametrization used here complicates the observation of that behavior (small values of the half-saturation
constant, for instance, provide a more marked non-monotonicity, with clearer decline regimes for QP). Lower row: De-
pendence of the growth rate µ on nutrient quota; only the range of ratios for which QN (c) or QP (d) influence µ are
shown in each panel (dashed lines: minimum value for the quotas, Qmin). Note the saturating shape of µ, reaching
a maximum µmax = 0.825±0.005. For extreme input ratios, curves do not show any dependence on the input ratio
(e.g. [N0] : [P0] < 22 in c). For intermediate input ratios, the value of the quotas at which µ reaches its minimum and
maximum values change with the nutrient relative input concentration.
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Fig. 8. Maximum uptake rate Vmax and per-cell uptake rate
V/B for nitrogen (panel a) and phosphorus (panel b) as a func-
tion of the external nutrient concentration in the zone of co-
limitation (axes in logarithmic scale). Vmax decreases with in-
creasing nutrient availability due to the down-regulation of the
uptake proteins in the population. Vmax and V/B converge for
large nutrient concentrations (dashed lines, see text).

Fig. 9. Different potential outcomes of competition experi-
ments between two generic phytoplankton species, A and B.
The labeled zones represent situations in which there is a pri-
ori opportunity for co-existence, while the non-labeled zones
are those in which the outcome depends on each species’
∆= [(N :P )opt− (N :P )]/(N :P )opt. a) For non-interacting
nutrients, each species’ optimal ratio [N0]/[P0]opt matches the
point where co-limitation occurs; the optimal ratios of the two
species divide the phase diagram, delimiting the co-existence
(grey) and exclusion (blank) zones. b) In our model, the opti-
mal ratio is one specific point within a wide co-limitation zone,
which is delimited by the ratios at which quotas reach their ef-
fective maximum values (saturation points). This introduces
exclusion in zones where threshold models predict co-existence
(color patters, see above).
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Fig. 8. Maximum uptake rate Vmax and per-cell uptake rate V/B for nitrogen (a) and phosphorus
(b) as a function of the external nutrient concentration in the zone of co-limitation (axes in loga-
rithmic scale). Vmax decreases with increasing nutrient availability due to the down-regulation of
the uptake proteins in the population. Vmax and V/B converge for large nutrient concentrations
(dashed lines, see text).
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Fig. 9. Different potential outcomes of competition experiments between two generic phyto-
plankton species, A and B. The labeled zones represent situations in which there is a priori
opportunity for co-existence, while the non-labeled zones are those in which the outcome de-
pends on each species’ ∆ = [(N : P) opt − (N : P)]/(N : P)opt. (a) For non-interacting nutrients,
each species’ optimal ratio [N0] : [P0]opt matches the point where co-limitation occurs; the opti-
mal ratios of the two species divide the phase diagram, delimiting the co-existence (grey) and
exclusion (blank) zones. (b) In our model, the optimal ratio is one specific point within a wide
co-limitation zone, which is delimited by the ratios at which quotas reach their effective max-
imum values (saturation points). This introduces exclusion in zones where threshold models
predict co-existence (color patters, see above).
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