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One of the most important feedbacks of terrestrial ecosystems to climate change is
the potential release of soil carbon as temperature increases, especially at high latitudes (Field et al., 2007). The amount of carbon stored in soils worldwide exceeds the
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Accelerated release of carbon from soils is one of the most important feedbacks related
to anthropogenically induced climate change. Studies addressing the mechanisms for
soil carbon release through organic matter decomposition have focused on the effect
of changes in the average temperature, with little attention to changes in temperature variability. Anthropogenic activities are likely to modify both the average state
and the variability of the climatic system; therefore, the effects of future warming on
decomposition should not only focus on trends in the average temperature, but also
variability expressed as a change of the probability distribution of temperature. Using
analytical and numerical analyses we tested common relationships between temperature and respiration and found that the variability of temperature plays an important
role determining respiration rates of soil organic matter. Changes in temperature variability, without changes in the average temperature, can affect the amount of carbon
released through respiration over the long-term. Furthermore, simultaneous changes
in the average and variance of temperature can either amplify or dampen the release
of carbon through soil respiration as climate regimes change. These effects depend
on the degree of convexity of the relationship between temperature and respiration
and the magnitude of the change in temperature variance. A potential consequence
of this effect of variability would be higher respiration in regions where both the mean
and variance of temperature are expected to increase, such as in some low latitude
regions; and lower amounts of respiration where the average temperature is expected
to increase and the variance to decrease, such as in northern high latitudes.
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amount of carbon in the atmosphere by a factor of two to three (Houghton, 2007), and
there is concern that a large portion of this carbon will be released to the atmosphere
as the global average temperature increases (Schimel et al., 1994; Kirschbaum, 1995;
Trumbore, 1997; Davidson and Janssens, 2006). Predictions of this positive feedback
have focused on the effects of increasing average temperatures with little attention to
possible effects of changes in temperature variability. There is already evidence of
important changes in temperature variability at the regional scale and climate models
predict even larger changes for the next decades (Räisänen, 2002; Brönnimann et al.,
2007; IPCC, 2007; Schar et al., 2004; Meehl et al., 2009); hence, the effects of future
warming on decomposition should not only focus on trends in the average, but more
broadly on changes in the probability distribution of temperature. The frequency of hot
or cold days and extreme events over long periods of time can potentially determine
the frequency of large respiration pulses and subsequently the total amount of C stored
in an ecosystem.
Historically, the theory behind the temperature dependency of organic matter decomposition has been supported by the equations that relate chemical reaction rates
with temperature. The Van’t Hoff and Arrhenius equations have been widely used to
predict changes in decomposition rates and respiration rates with changes in temperature. An increase in the respiration rates as temperature increases is expected under
this theory, and it can be shown easily that these functions are convex within the interval of temperatures where most biological processes take place (Table 1). Convexity is
also a property of other empirical equations used to represent the relationship between
respiration and temperature, such as the modified Van’t Hoff equation and the equation
developed by Lloyd and Taylor (1994).
If the relationship between temperature and respiration is convex for a given ecological or biological system, we can expect the predictions of Jensen’s inequality (Jensen,
1906) to apply. According to Jensen’s inequality, if temperature T is a random variable,
and f (T ) a convex function on an interval, then
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where E is the expected value operator. Evaluating the function with the mean of the
random variable will produce a lower amount than taking the mean of the function’s
evaluations at each value of the random variable.
The implications of this inequality for temperature-respiration studies are: (1) estimates of respiration from temperature data gathered at large spatial and temporal
scales include bias or aggregation error (Rastetter et al., 1992; Kicklighter et al., 1994).
(2) Modeling studies using average temperature as a driving variable will obtain lower
values of respiration than if they were using temperature from weather records; (e.g.,
Notaro, 2008; Sierra et al., 2009; Medvigy et al., 2010). (3) Long-term incubation experiments at constant temperatures will result in lower respiration rates than experiments
in which temperature is allowed to vary but without changing the average value.
Previous work on this subject has been focused on producing unbiased estimates
of annual or large-scale respiration using temperature data that omits diurnal or seasonal fluctuations (Ågren and Axelsson, 1980; Kicklighter et al., 1994). In the context
of global climate change a different question emerges. Would soils currently experiencing a given degree of temperature variability increase their respiration rates under
a new climatic regime with different temperature variance? This question goes beyond
of what can be predicted by Jensen’s inequality alone because it implies changes in
temperature variance that are originally not included in the inequality.
The effect of variability on respiration may depend on the magnitude and direction
of the change in variance as well as the change in the average climate. Changes in
temperature variability are associated with either an increase or decrease in the frequency of temperature extremes. Intuitively, we expect that this change in temperature
variance would result in different rates of carbon release over the long-term depending
on the convexity of the relationship between temperature and respiration. Furthermore,
we expect that simultaneous changes in the mean and variance of temperature can potentially amplify or dampen the effect of changes in mean temperature alone. However,
we lack a clear analytical framework to test these ideas and apply them in the context
of global climate change and its effects on soil respiration.
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In this study, we explored the effects of changes in temperature regimes, i.e., simultaneous changes in the mean and variance of temperature, on the potential amount
of carbon release from ecosystems through soil respiration. This was accomplished
by performing a mathematical analysis of the functions commonly used to predict soil
respiration from temperature data. Since the consequences of changes in temperature
variance are not easy to derive from Jensen’s inequality alone, we first conducted an
analytical analysis to find an explicit mathematical expression that summarizes these
consequences. This was achieved by first exploring changes in temperature ranges
in a geometrical context and subsequently more explicitly as changes in the variance
of a random variable in a probabilistic context. To test these ideas with a broader
scope, numerical simulations were performed with two different respiration functions
with stochastic representations of realistic temperature time-series. In the latter analysis, three contrasting ecosystems were used for comparison purposes, an arctic tussock tundra, a temperate rain forest, and a tropical rain forest.
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For the numerical analysis we used soil temperature data from three contrasting
ecosystems, an arctic tussock tundra, a temperate rain forest, and a tropical rain forest.
Soil temperature data at 20 cm depth from the Toolik lake Long-Term Ecological Re◦
0
◦
0
search (LTER) site in Alaska (68 38 N, 149 43 W, elevation 760 m a.s.l.) were obtained
from the site’s webpage. The dataset contains daily temperature records from 1 June
◦
1998 to 31 December 2006, with a grand mean of −2.5 C and 11% of observations
missing.
From the H. J. Andrews LTER site in Oregon we used soil temperature data
measured at the PRIMET meteorological station (44◦ 120 N, 122◦ 150 W, elevation
430 m a.s.l.). The record contains daily soil temperature values measured at 10 cm
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where τt is a symmetric moving average of the data, a low-pass filter that captures the
seasonal trend. An estimate of the short-term variability is then given by the residuals
2
ˆt = Tt − τt , which are basically white noise, i.e., E (ˆt ) = 0, with variance σ . The
P
average annual trend can then be defined as τ¯d = N1 N
n=1 τd ,n , where d = t − 365(n − 1)
is the Julian day, n is a year counter, and N the total number of years in the time series.
2
We used τ¯d and σ to simulate a reference climatic regime for the three sites, as
well as departures to new climatic regimes. These changes in climatic regimes were
performed within the framework provided by Mean versus Standard deviation Change
(MSC) diagrams (Sardeshmukh et al., 2000; Scherrer et al., 2007). Within this framework it is possible to represent independent and simultaneous changes in the mean
and variance of temperature time series (Fig. 1). For the purpose of this analysis we
8984
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The time series from the three sites were filtered with a nine-day moving average to
obtain an estimate of short-term variability. In particular, if Tt represents the daily temperature observations, then
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depth, starting on 26 December 1994 until 24 January 2007. The average temperature
for this period was 11.8 ◦ C, with only 2% of observations missing. Detailed information
about the soil temperature record can be found at the H. J. Andrews’ website.
We collected high-frequency soil temperatures from La Selva Biological station in
◦
0
◦
0
Costa Rica (10 26 N, 83 59 W) to use in this analysis. Three platinum resistance
thermometers were used to collect information at 5 cm depth with 2 s execution. Data
were averaged to obtain 30 min time series. The record extends from 1 January 1998
to 31 December 2000, with only 1% of missing observations and a global average of
◦
23.7 C.
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Since we are only interested in observing emergent patterns after using different
climatic regimes we did not use site specific parameters in this function. The usefulness
of this function, in addition to its familiarity to ecologists, is that it allows us to test for
different levels of convexity with different values of Q10 ; i.e., as Q10 gets higher so does
the second derivative of the function R 00 . We ran the model for Q10 = 2, 3, and 4.
8985
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The simulated temperature regimes were used to run common empirical functions that
relate temperature and respiration in terrestrial ecosystems. The modified Van’t Hoff
model (Table 1) was used for the three ecosystems with an arbitrary value of the reference respiration R0 = 1 at T0 = 0, that is
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where T˜t is a simulated time series lengthened to a decade, i.e., t = 1,...,3650. The
term t is a series of simulated Gaussian white noise, obtained as t ∼ iid N(0,σ2 ).
Notice that the values of τ¯d are recycled 10 times until the end of the simulation.
New climatic regimes were simulated as a change in the mean and variance of the
reference climatic regime by modifying the t term in Eq. (3). A combination of values
of mean m and standard deviation s were used to simulate time series with t ∼ iid
2
N(m,s ), where m = 0.1,0.2,...,2 and s = 0.1,0.2,...,3. These values of m and s were
chosen such that their combination can fill a wide domain of possibilities in the MSC
plots. In other words, these combinations produce 600 different climatic regimes that
are possible as the regional climate changes at each site. Notice that values of m only
reproduce warming from the starting conditions of the reference regime.
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defined time series of reference climatic regimes as
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F (RWC) = 5(0.287 + (arctan(π0.009(RWC − 17.47)))/π).
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Results from all 600 simulations comparing the reference regime and a new climatic
regime from all possible combinations of m and s are presented in a single MSC plot.
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Since we are only interested in exploring the effects of temperature variability, a constant water content of RWC = 75% was assumed, so F (RWC) = 3.06 in all simulations.
The benefit of using Eq. (6) is that it has an inflection point at T = 15.7, which means
the relationship between respiration and temperature changes from convex to concave
at this value. The implication for the three ecosystems being modeled is that the range
of temperatures for the arctic tundra is below this inflection value whereas the range
for the tropical forest is above. For the temperate forest site, this inflection point lies in
the middle of its temperature range.
Equations (4) and (5) were used to calculate total cumulative respiration for the whole
simulation period (10 years) and compare differences between the reference (A) and
the new (B) climatic regime with the index
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F (Tsoil ) = 0.56 + (1.46arctan(π0.0309(Tsoil − 15.7)))/π,

|

where respiration Rt is represented as the combined effect of soil relative water content
(RWC) and temperature (Tsoil ). These individual effects are represented as
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We also simulated respiration using the empirical functions implemented in the DAYCENT and CENTURY models (Del Grosso et al., 2005), given by
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3 Results
3.1 Analytical analysis
3.1.1 Geometric argument
A real-valued function f (x) is said to be convex on an interval I if

|
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for all x,y ∈ I, and λ in the open interval (0, 1). Consider now the closed interval [a,b]
which is contained in the interval [c,d ] ∈ I; both intervals with an average value x̄,
c = a − h, d = b + h, and
x̄ = λa + (1 − λ)b = λc + (1 − λ)d .

(10)
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This inequality can be confirmed graphically (Fig. 2) and analytically (Appendix).
Geometrically, this inequality implies that the end points of two intervals with the same
mean produce different means after convex transformation.
A change in variability of a random variable such as temperature implies a change in
the interval of possible values that this variable can take. Equation (11) suggests that
changes in variance alone, without changes in the average value of a random variable,
produce different values of the average of all the function evaluations. Although this geometric argument is informative, the implications can be better studied in a probabilistic
setting.
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Using the definition of convexity in Eq. (9) we can show that
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Notice that the magnitude of the difference |f (σ1 z1 ) + f (−σ1 z1 )] − [f (σ2 z2 ) + f (−σ2 z2 )|
depends on the degree of convexity of f (T ).
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According to the properties of convexity it can be shown that f (σ1 z1 ) + f (−σ1 z1 ) >
f (σ2 z2 ) + f (−σ2 z2 ) (Eq. 11); therefore,
E [f (T1 )] > E [f (T2 )].
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Assume that respiration is a function of temperature R = f (T ), which is a strictly convex
function on an interval I, so by definition f 00 (T ) > 0, ∀T ∈ I. Let’s now assume two
random variables T1 and T2 that are normally distributed with equal mean but with
2
2
2
2
different variance, so T1 ∼ N(µ,σ1 ) and T2 ∼ N(µ,σ2 ). Let’s also assume that σ1 > σ2 .
For simplicity, T1 and T2 can be transformed to z1 = (T1 − µ)/σ1 and z2 = (T2 − µ)/σ2 ,
respectively. The expected value of E [f (T1 )] = E [f (σ1 z1 )], and E [f (T2 )] = E [f (σ2 z2 )] can
be calculated as
!
Z∞
−z12
1
E [f (σ1 z1 )] =
d z,
f (σ1 z1 ) √ exp
2
−∞
2π
!
!
Z
Z
−z12
−z12
1 0
1 ∞
dz + √
d z,
=√
f (σ1 z1 )exp
f (σ1 z1 )exp
2
2
2π 0
2π −∞
! #
"Z
∞
−z12
1
=√
[f (σ1 z1 ) + f (−σ1 z1 )]exp
dz .
(12)
2
2π 0
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3.1.2 Probabilistic argument
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This is a consequence of the mean value theorem, so µ − σ1 z ≤ a(z) ≤ µ − σ2 z and
µ + σ2 z ≤ b(z) ≤ µ + σ1 z. It is important to note the −1 in front of the derivative at a(z).
0
0
Note also that since a(z) ≤ b(z), by the assumption of strict convexity f (b(z)) > f (a(z)),
or equivalently f 0 (b(z)) − f 0 (a(z)) > 0; which in Eq. (15) results in E [f (T1 )] − E [f (T2 )] > 0.
This analysis, summarized by Eq. (14), confirms the hypothesis initially posed:
changes in temperature variance alone can produce differences in respiration depending on the degree of convexity between temperature and respiration.
The magnitude and functional relation of the effect of different variances can be evaluated by calculating the difference ∆ = E [f (T1 )] − E [f (T2 )] for a particular respiration
function. For simplicity, we will calculate ∆ for the specific case of the exponential function R = exp(AT ), where A represents the degree of convexity of the function. Assuming
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where f 0 (b(z)) and f 0 (a(z)) are derivatives of some points a(z) and b(z) for each z > 0,
such that
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∆ = E [f (T1 )] − E [f (T2 )]
!
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1 ∞
z2
=√
dz
{[f (µ + σ1 z) − f (µ + σ2 z)] + [f (µ − σ1 z) − f (µ − σ2 z)]}exp −
2
2π 0
!
Z
2
1 ∞
z
d z,
=√
(σ1 − σ2 )z[f 0 (b(z)) − f 0 (a(z))]exp −
2
2π 0
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Simulations were performed using two different respiration models. We used the modified Van’t Hoff model, which is a convex function for all the temperature values where
biological processes take place (Table 1). We also used the empirical model implemented in the CENTURY and DAYCENT models (Del Grosso et al., 2005), which is a
s-shaped relationship between temperature and soil respiration with a change in con◦
vexity at a value of 15.7 C. The data for the arctic tundra lies in the convex range of the
DAYCENT/CENTURY model, while the data for the temperate forest lies in the middle
of the range where the change in convexity occurs, and the data for the tropical forests
lies in the concave part of the range.
The results obtained using the modified Van’t Hoff model were similar for the three
ecosystems modeled, so we will focus on the results for the temperate forest only. The
8990
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Equation (17) summarizes the effects of a change in the variance of T over R. It
shows that both the degree of convexity (A) and the magnitude of the change in variance (η) affect the magnitude of the difference in expected values of respiration. As
the degree of convexity increases, i.e. as A gets bigger, the differences in respiration
(∆) are larger. In addition, an increase in variance (η < 1) produces an increase in the
average respiration (∆ > 0), and a decrease (∆ < 0) when variance diminishes (η > 1)
(Fig. 3).
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!
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∞
−z12
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f (Aσ2 z2 )exp
=√
2
−∞
2π −∞
i
p
1 hp
=√
2πexp(−Aσ1 ) − 2πexp(−Aσ2 ) ,
2π
= exp(−Aσ1 ) − exp(−Aσ1 /η).
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differences in cumulative respiration between a reference climate and the set of new
climatic regimes (δR) confirm the hypotheses initially posed. First, the results from the
simulations show that changes in the variance of temperature alone can increase the
amount of carbon respired. This can be observed in Fig. (4) by changes of δR as the
standard deviation of temperature changes relative to the reference regime (S/S0, vertical axis). For example, an increase of about 6% of carbon respired over 10 years can
be achieved by a 2.5 times increase in the standard deviation. Second, our simulations
show that respiration is more sensitive to proportional changes in the average temperature ((T –T 0)/S0, vertical axis) than to changes in variance. The same 6% increase in
respiration obtained with a 2.5 times increase in standard deviation could have been
achieved by increasing the average temperature by a factor of 0.5. Third, simultaneous changes of the average and the variance of temperature show that increases
in variance amplify the effects of increases in the average. In contrast, decreases in
variance dampen the effects of the increase in the average temperature. This can be
observed in Fig. (4) by changes in δR along the vertical direction at any fixed point in
the horizontal axis.
The degree to which δR responds to changes in variance was highly dependent on
Q10 (Fig. 5). As the value of Q10 decreases the convexity of the function decreases
(value of the second derivative gets smaller) and the effect of variability on respiration becomes less important. This behavior was consistent for the three ecosystems
studied.
The approach used in the DAYCENT and CENTURY models produced different results for the three ecosystems analyzed. For the arctic tundra site the pattern observed
was similar to the overall patterns observed with the Van’t Hoff equation (Fig. 6a). For
the temperate forest though, the DAYCENT approach shows no sensitivity of respiration to temperature variance (Fig. 6b). For the tropical forest the results are the
opposite, showing a dampening effect with increases in the average temperature and
amplification with decreases in the average (Fig. 6c).
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The results from this analysis confirmed our initial expectations about possible effects
of changes in temperature variance on respiration. First, we found that changes in
the variance of temperature alone can either decrease or increase the amount of soil
respiration in terrestrial ecosystems. The magnitude of this effect depends on both
the degree of convexity or concavity between temperature and respiration (value of the
second derivative of the relationship) and the magnitude of the change in variance.
This was confirmed by both the analytical and numerical analyses. Second, changes
in temperature variance can either amplify or dampen the effects of changes in the
average temperature on soil respiration, again depending on the degree of convexity
of the function and the magnitude of the change in variance.
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Changes in climate variability and its effects on ecosystems have been studied less
intensively than changes in the mean climate. The ongoing modification of the climatic
system by changes in albedo, aerosols and prominently greenhouse gases, affects
not only the mean state of the climate system but also its variability (Räisänen, 2002;
Brönnimann et al., 2007; IPCC, 2007). Changes in temperature variability may result
in changes in the frequency of events apart from the mean state such as unusual
warm or cold events. Significant attention has been given to extreme climatic events
such as heat waves or floods for their dramatic effects on populations. However, less
extreme but still unusual events can have important implications for the functioning of
ecosystems over the long-term (Jentsch et al., 2007).
Important changes have been observed in temperature variability for different regions
in the recent past. In Europe, where climate records are longer than in other continents, important changes in the variance of temperature have been described. DellaMarta and Beniston (2007) report an increase in the variance of summer maximum

Full Screen / Esc

Printer-friendly Version
Interactive Discussion

8993

|

Discussion Paper
|
Discussion Paper

25

BGD
7, 8979–9008, 2010

Temperature
variability and
respiration
C. A. Sierra et al.

Title Page
Abstract

Introduction

Conclusions

References

Tables

Figures

J

I

J

I

Back

Close

|

20

Discussion Paper

15

|

10

Discussion Paper

5

temperature of 6 ◦ C for the period 1880–2005 in Western Europe. This increase in
variance accounts for at least 40% of the increase in the frequency of hot days after
accounting for the increase in the average temperature. In Central Europe there is
evidence of current changes in temperature variance (Schar et al., 2004), and most climate models predict increases in summer temperature variability for the 21st century
(Scherrer et al., 2007). Increasing trends in temperature variability are also emerging
in temperature time-series from North America (Meehl et al., 2009)
Changes in climate variability are not expected to be homogenous globally. A comparison of 19 atmosphere-ocean general circulation models (AOGCMs) showed that as
a consequence of doubling CO2 , temperature variability is expected to decrease during
the winter of the extratropical Northern Hemisphere (Räisänen, 2002). Conversely, the
AOGCMs show that temperature variability is expected to increase during the summer
in low latitudes and northern midlatitudes. A more recent analysis using an updated
version of one climate model confirms these results, which also suggest decreases in
temperature variability for fall, spring and winter in the Northern Hemisphere (Stouffer
and Wetherald, 2007).
These expected changes in temperature variability most likely will have consequences on the total amount of carbon emitted to the atmosphere from terrestrial
ecosystems. Our results showed that changes in variance produce a variety of effects
on respiration in addition to the predicted effects of changes in average temperatures
alone. At a global scale, differences in temperature sensitivities of respiration and
in the magnitude of change in temperature variance for different regions will produce
a variety of responses. For example, at high latitudes in the Northern Hemisphere,
where the mean temperature is expected to increase and the variance is expected to
decrease, respiration would probably be lower than the predicted by changes in mean
temperature alone. These regions are expected to contribute the most to the positive
feedback between temperature and respiration, but this effect may be overestimated in
previously published analyses. At lower latitudes, where both the mean and variance of
temperature are expected to increase, the amount of respiration would be higher than
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The relationship between temperature and respiration historically has been described
using empirical convex functions (Table 1). Although there have been important criticisms to simple empirical models and more mechanistic representations are currently
being discussed (e.g., Luo and Zhou, 2006; Davidson et al., 2006), it is clear from the
many modeling approaches that these two variables have a convex relationship, independent of the type of model employed. In some cases, however, this relationship
shows a change to concavity at higher values of temperature, which could be explained
by the interacting effects of soil water content and substrate availability (Del Grosso
et al., 2005; Davidson et al., 2006), among other factors.
Independent of the type of model being used, the number of pools represented, or
the main drivers included in the model, the results obtained in this study will apply to all
predictions of future respiration if its relationship with temperature is other than a simple
straight line. They also apply to all temperature ranges where most biological process
take place, except where the respiration function changes from convex to concave. As
the simulations in the temperate forest showed, a change in convexity can cause the
effects of concavity at one part of the temperature range to compensate the effects of
convexity in the other part of the range.
In general, simulation models use one single equation to described the relationship
between temperature and respiration, with the modified Van’t Hoff model being the
most common. Although there is important work trying to predict Q10 values for different ecosystem types (e.g., Chen and Tian, 2005; Fierer et al., 2006), this modeling
approach only considers one single functional relationship between temperature and
respiration. For some systems it is possible that this relationship may be either other
than convex or change to concavity at some point in the temperature range; therefore, more effort should be directed to understand how local scale relationships can be
8994
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the predicted by changes in mean temperature alone. These predictions obviously depend on the assumption of a convex relationship between respiration and temperature.
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Although ecologists are well aware of the importance of climate variability (e.g. Rastetter et al., 1992; Kicklighter et al., 1994; Ruel and Ayres, 1999; Pasztor et al., 2000;
Knapp et al., 2002; Jentsch et al., 2007), studies looking at the effects of climate
change on ecosystem function have given perhaps too much attention to changes
in the average climate, but not to the full probability distribution of the climate system.
The findings of this study can greatly modify past predictions about the effects of future average temperatures on ecosystem respiration, especially for large temporal and
spatial scales. However, soil respiration not only depends on temperature but also on
moisture and substrate availability. New climatic regimes will be associated with different soil moisture regimes and different plant phenologies that control substrate supply.
There has been a considerable amount of work showing the effects of variable soil
moisture on respiration through drying/wetting cycles (see Borken and Matzner, 2009
for a review). If combined with the results from this study, changes in both temperature
and precipitation variance would likely produce complex behaviors not incorporated in
current simulation models. In coupled atmosphere-biosphere models though, the implications may be less drastic since the time-steps in these models are generally short
enough to reduce bias.
The effects of new climatic regimes with different variances would not only affect the
mineralization of C measured as soil respiration, but also the production of dissolved
organic and inorganic forms of C as well as other elements such as N. Autotrophic
respiration is also likely to be affected by changes in the variance of temperature since
they usually correlate well with a modified Van’t Hoff model (Ryan, 1991). In general,
any ecosystem process that is related with a climatic variable through a convex or
concave function is likely to be subject to the effects of variance presented here.
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incorporated in models and whether these relationships are generalizable within and
across major biomes.
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This inequality implies that increases in temperature variance without changes in the
average temperature result in an increase of the average respiration, provided that the
relationship between temperature and respiration is a convex function. For concave
functions the sign of the inequality changes, which results in a decrease in average
respiration with increases in temperature variance.
Another generalization, which can be deduced from the numerical analysis, is that
changes in temperature variance amplify or dampen the effects of changes in average
temperature. If the average temperature increase in proportion to a quantity η > 1, then
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E (f (T1 )) < E (f (T2 )).
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The results from this analysis can be synthesized in simple mathematical expressions
for predicting the effects of changes in temperature variability on respiration.
Assume two temperature regimes T1 and T2 , both with the same mean value, but with
different variances, so Var(T1 ) < Var(T2 ). A general statement about average respiration
rates, which is an extension of Jensen’s inequality derived from this analysis, is that
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In terms of whole ecosystem carbon balance, changes in climatic regimes can also
affect the rates of carbon uptake. The effect of changes in the variance of different
climatic variables on photosynthesis can offset the changes produced on respiration
(Medvigy et al., 2010). For analyses at the ecosystem level, the analytical framework
provided here can serve as a basis to identify the functions that would present a larger
response to the variance of climatic variables by studying the degree of convexity of
these functions and the expected changes in variance of those variables.
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The left hand side inequality is a special case of the non-homogeneity property of
nonlinear systems. In the context of this study, it implies that the average respiration caused by a proportional increase in the average temperature is higher that the
same proportional increase of respiration under average temperature conditions. The
right-hand side of (19) implies that the average respiration is higher if the variance of
temperature increases. The sign of the inequality is reversed if the system is concave
or the variance of T1 is lower than the variance of T2 .
From this set of inequalities it is possible to predict under what circumstances
changes in temperature variance cause amplification or dampening of average respiration rates.

f (x̄) = f (λa + (1 − λ)b) ≤ λf (a) + (1 − λ)f (b).

(A1)

Now, the points a and b can be expressed as a linear combination of c and d

Discussion Paper

The point x̄ can be defined as the average value of both [a,b] and [c,d ], so x̄ = λa +
(1 − λ)b = λc + (1 − λ)d . Applying the definition of convexity we can see that

a = αc + (1 − α)d ,

(A2)

|

b = (1 − β)c + βd .

(A3)
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Given that α = β, and λ + (1 − λ) = 1; λ and (1 − λ) can be expressed in terms of α and
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β since the following expressions apply
α + (1 − α) = 1,
α + (1 − β) = 1,
[λ + (1 − λ)][α + (1 − β)] = 1,
[λα + (1 − λ)(1 − β)] + [λ(1 − β) + α(1 − λ)] = 1,

|

λ = λα + (1 − λ)(1 − β),

(A4)

(1 − λ) = λ(1 − β) + α(1 − λ).

(A5)

We can now express the right-hand side of Eq. (A1) in terms of c and d as

≤ f (c)[λα + (1 − λ)(1 − β)] + f (d )[λ(1 − α) + (1 − λ)β]
≤ λf (c) + (1 − λ)f (d ).

(A6)

Therefore,
f (x̄) ≤ λf (a) + (1 − λ)f (b) ≤ λf (c) + (1 − λ)f (d ).

(A7)
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≤ λαf (c) + λ(1 − α)f (d ) + (1 − λ)(1 − β)f (c) + (1 − λ)βf (d )
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Table 1. Empirical equations commonly used to describe the relationship between temperature
T and soil respiration R, with their second derivatives and range of convexity. a, b, and c
represent empirical coefficients. Equations extracted from Luo and Zhou (2006) and Del Grosso
et al. (2005).
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Fig. 1. Graphical representation of changes in the mean and standard deviation on a Gaussian
climate distribution A with mean T 0 and standard deviation S0 resulting in distribution B with
mean T and standard deviation S. (a) Probability density functions (pdfs) where the mean from
distribution A (continuous) changes to distribution B (dashed), (b) distributions A and B from
(a) in a standardized MSC plot showing standardized changes in the mean (T –T 0)/S0 against
standardized standard deviation S/S0, (c) pdfs where the standard deviation from distribution
A changes to distribution B. (d) standardized MSC plot of (c), (e) pdfs where both the mean
and the standard deviation from A change to B, (f) standardized MSC plot of (e).
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Fig. 4. Mean and Standard deviation Change (MSC) plot for H. J. Andrews using the modified
Van’t Hoff equation with Q10 = 4 showing standardized changes in the mean (T –T 0)/S0 against
standardized standard deviation S/S0. Colors represent values of δR, i.e., the proportional
increase in respiration over 10 years from one climatic regime over the other. The dashed
horizontal line represents simulations in which variance remained constant relative to the reference climatic regime. S/S0 > 1 represents increase in variance and (T –T 0)/S0 > 0 represents
increase in average temperature.
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Fig. 5. MSC plots for H. J. Andrews using the modified Van’t Hoff equation and Q10 = 4,3,2,
for panels (a), (b), and (c), respectively. Contours represent values of δR, i.e., the proportional
increase in respiration over 10 years from one climatic regime over the other.
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